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Abstract: In a recent paper by L. A. Bokut, V. V. Chaynikov and K. P. Shum in 2007, 
Braid group B n is represented by Artin-Burau's relations. For such a representation, it is 
told that all other compositions can be checked in the same way. In this note, we support 
this claim and check all compositions. 
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£r ■ 1 Introduction 

oo 

p, 

\q . In two classical papers by A. A. Markov [9] and E. Artin pQ, the normal form theorem for 
braid groups was established. Recently, a new proof of this result had been published by 
L. A. Bokut, V. V. Chaynikov and K. P. Shum [3]. The last proof is based on Grobner- 
Shirshov bases theory for non-commutative (and non-associative) algebras invented by A. 
I. Shirshov [TO] . In what follows, we will use the presentation of this theory from L. A. 
Bokut and K. P. Shum [7j, and L. A. Bokut and Y. Q. Chen [6J. To be more precise, 
some compositions (S-polynomials) of Artin-Burau's relations were checked in [5J, and it 
was claimed that all other compositions can be checked in the same way. In this paper, 
we support the last claim and show that all compositions of Artin-Markov's relations are 
trivial. 



2 Basic notation and results 

We first cite some concepts and results from the literature [TDl EJ H] which are related to 
the Grobner-Shirshov bases for associative algebras. 



* Supported by the NNSF of China (No. 10771077) and the NSF of Guangdong Province (No.06025062). 
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Let k be a field, k(X) the free associative algebra over k generated by X and X* the 
free monoid generated by X, where the empty word is the identity which is denoted by 
1. For a word w G X*, we denote the length of w by \w\. Let X* be a well ordered set. 
Let / G k{X) with the leading word /. Then we call / monic if / has coefficient 1. 

A well order > on X* is called monomial if it is compatible with the multiplication of 
words, that is, for «,i)G X*, we have 

u > v =>- W1UW2 > W1VW2, for all W\, W2 G X*. 

A standard example of monomial order on X* is the deg-lex order to compare two words 
first by degree and then lexicographically, where X is a linearly ordered set. 

Let / and g be two monic polynomials in k(X) and < a monomial order on X*. Then, 
there are two kinds of compositions: 

(i) If w is a word such that w — fb — ag for some a, b G X* with |/| + \g\ > \w\, then 
the polynomial (f,g) w — fb — ag is called the intersection composition of / and g with 
respect to w. 

(ii) If w — f — agb for some a,b G X*, then the polynomial (/, g) w = f — agb is called 
the inclusion composition of / and g with respect to w. 

Let S C k(X) such that every s G S is monic. Then the composition (f,g) w is called 
trivial modulo (S, w) if (f,g) w = X] a i a « s A, where each aij G k, a iy bi G X*, Sj G S and 
aiSlbi < w. If this is the case, then we write 

(f,9)w = mod(S,w). 

In general, for p, q G k(X), we write p = q mod(S,w) which means that p — q = 
ctiCLiSibi, where each «j G k,ai,bi G X*, s« G S 1 and (ZjSi&j < if. 

A set S C fc(X) is called a Grobner-Shirshov basis with respect to the monomial order 
< if any composition of polynomials in S is trivial modulo S. 

The following lemma was first proved by Shirshov [10] for free Lie algebras (with deg-lex 
order) (see also Bokut [3]). Bokut [4j specialized the approach of Shirshov to associative 
algebras (see also Bergman [2]). For the case of commutative polynomials, this lemma is 
known as the Buchberger's Theorem [S]. 

Lemma 2.1 (Composition-Diamond Lemma) Let k be afield, A = k(X\S) = k(X) /Id(S) 
and < a monomial order on X* , where Id(S) is the ideal of k(X) generated by S. Then 
S is a Grobner-Shirshov basis if and only if Irr(S) = {116 X*\u 7^ asb, s G S,a,b G X*} 
is a linear basis of the algebra A = k(X\S). 

Let A = sgp(X\S) be a semigroup presentation. By abuse of notation, S is also a subset 
of k(X). Suppose that S is a Grobner-Shirshov basis of k(X\S). Then the S- irreducible 
set Irr(S) = {u G X*\u 7^ afb, a, b G X*, / G S} is a linear basis of k(X\S) which is 
also a normal form of A. 

Definition 2.2 (151) Let £ = {<7i,-- - , <7 n _i} be a finite alphabet. Then, the following 
group presentation defines the n-strand braid group: 

B n = gp(E I o t+1 a t a t+l = a t a t+1 (y t (l<t< n-2), a^j = (2 < 1+j < i < n-l)). 
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We now introduce the concept of inverse tower order of words. 

Definition 2.3 ({5}) Let X = Y\JZ, words Y* and the letters in Z be well ordered. 
Suppose that the order on Y* is monomial. Then, any word in X has the form u = 
UqZiUi ■ ■ ■ ZkUk, where k > 0, «; 6 Y*, Z{ G Z. Define the inverse weight of the word 
u e X* by 

inwt(u) = (k, u k , z k , ■ ■ ■ , Mi, zx,u ). 
Now we order the inverse weights lexicographically as follows 

u > v inwt(u) > inwt(v). 

Then we call the above order the inverse tower order. Clearly, this order is a monomial 
order on X* . 

In case Y = TUU and Y* is endowed with the inverse tower order, we call the order of 
words in X the inverse tower order of words relative to the presentation 

X = (T\JU)0Z. 

In general, we can define the inverse tower order of X-words relative to the presentation 

X = (• • • (xWux^)u • • • )UX (0) , 

where X(™)-words are endowed by a monomial order. 

In the braid group B n , we now introduce a new set of generators which are called the 
Artin-Burau generators. We set 

= of, s itj+1 = ay ai+iafa^ ■ ■ ■ oj 1 , 1 < % < j < n - 1; 
Vij+i — a i l " ' ' c^ 1 ; l<i<j<T7, — 1; an — 1, {a, b} = b~ 1 ab. 

Form the set 

Sj = {sij, s~], 1 < z, j < n} and 5T 1 = {erf 1 , ■ ■ ■ a~\}. 

Then the set 

s = s n u s n _i U'-u^ur 1 

generates B n as a semigroup. 

Now we order the set S in the following way: 

S n < 5n-l < ' ' ' < S2 < £ 1 , 



and 



s i j < < s 2 j < • ■ ■ < Syj , a 1 1 < cr 2 1 < ■ • ■ a n \. 



With the above notation, we now order the S"-words by using the inverse tower order, 
according to the fixed presentation of S as the union of Sj and We order the S n - 

words by the deg — inlex order, i.e., we first compare the words by length and then by 
inverse lexicographical order, starting from their last letters. 
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Lemma 2.4 (Jf^) The following Artin-Markov relations hold in the braid group B n . For 
5 = ±1, 

°k Mi = s lj a k l i k ± i ~ M, j ~ 1, j (1) 

^rMi+i = ^.i+i^r 1 ( 2 ) 

^r-i4 = sUsr-i (3) 

= {Si+i^v+iKr 1 (4) 

S 7 -i4j = (5) 

"•,'4, K,-i-,.->, ' (6) 

/or i < j < k < I, e = ±1, 

s i,fe s M = { s !,z> } s j,fc (?) 

s i,fc4,« = Si,iSfc,i} s i,* (8) 

S j,k s£ j,l = i^jp S kj S j,l} S j,k (9) 

s i,fc4; = K,*> s fc,'} s J> ( 10 ) 

s 5 s i,» = (4/' s k,i s i,i s ki s i,i} s i,k ( n ) 

= { s i,f S i,l S ki S ^ S kA s i,k (12) 

/or j < i < k < I or i < k < j < I, and e, 5 = ±1, 

S i,k s£ j,l = S j,l S i,k (13) 

and 

*i~V = **V' J<*-1 (14) 

^jj+i^fej+i = a kj+\°~j-i,j ? j < k (15) 

^r 2 = (i6) 



= 1 (17) 



The following theorem is from L. A. Bokut, V. V. Chaynikov and K. P. Shum [5] in 
which the authors checked some compositions in (1)-(17) and claimed that all compositions 
can be checked to be trivial in the same way. Here, we support the claim and check all 
compositions. 

Theorem 2.5 The Artin-Markov relations ( 1 )-(17) form a minimal Grobner-Shirshov 
basis of the braid group B n in terms of the Artin-Burau generators relative to the inverse 
tower order of words. 

Proof: We check all compositions step by step. 

Denote by (i) A (j) the composition of the type (i) and type (j), and Sjj = = (ij). 
(1)A(7) 

LebRf = a- 1 Uk)- 1 -(jk)2 1 <r-\ q ^ k, k-1, g = (j^W-W^ O'O^X^)" 1 , j < 

k < I. Then w = a~ 1 (jk)~ 1 (kl) E and 

(f,g) w = ^{(kiy, (jir'mr 1 - (#)- vw- 

There are three cases to consider. 
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1) q 7^ /, I — 1. This case is trivial. 

2) q = l. 

= {{(k, I + 1) £ , (/, l + l)}, {(j, I + l)" 1 , (I, I + \)}}a-\jk)- 1 
= {(kJ + iy^jJ + iy'ilJ + lWjky'ai 1 and 

= (;'*)" V(*O e 

= (jfc)- 1 {(fc,Z + l) e ,(Z,Z + l)}(7 | - 1 

= {{(fc, Z + (j, Z + l)- 1 }, (Z, Z + l)}(;fc)-V 

= {(k, i + (j, z + i)- 1 ^, z + i)}(j*rv- 

Thus, (/,^ = 0. 

3) g = Z-l. 

= {(k,i- iy, u, i - 1)-%'*)- Vi - « - OVi 

= {(*, z - iy, (j, i - i)- 1 }^*)- 1 ^ 1 ! - {(M - £ , (j, i - i)- 1 }^)- V_\ 

= o. 

(1) A (8) 

Letn / = a~ l (jk) — (jk)a~ l , q ^ j, j — 1, k, k — 1, g = (jk)(kl) e — {{kl) £ , (jl)(kl)}(jk), j < 
k < I. Then w = a q l (jk)(kl) e and 

(f,g) w = ^{(kiy, (ji)(ki)}( 3 k) - (jk)a q \kiy. 

There are three cases to consider. 

1) The case q ^ Z, Z — 1 is trivial. 

2) q = l. 

a^{(kiy,(jl)(kl)}(jk) 
= {(k,l + iy,(j,l + l)(k,l + l)(l,l + l)}(jk)<7^ and 

(jk)ar\kiy 

= {jk){{k,i + iy,{i,i + i)}<j-[ l 

= {(k,l + iy, (j, l + l)(k, Z + 1)(Z, z + \)}{jk)ay. 
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3) q = l-l. 

af_\{W,Uk)(kl)}(jk) 
= {(k,l-iy,(j,l-l)(k,l-l)}(jk)af_\ and 

= (jk)(k,i-iy<Ji_\ 

= {(k,l-iy,(j,l-l)(k,l-l)}(jk)a-_\. 



(1) A (9) 

Let / = a-^jk^-UkrW q + j,j-l, k, k-1, g = {jk)-\jiy-{{jlf , (kiy\jiy l }(jky\ j < 
k<l. Then w = ^{jky^jl) 6 and 

(f,g) w = ^{(jiy, (kiy'uir'ujkr 1 - w-^w- 

There are three cases to consider. 

1) The case q ^ 1,1 — 1 is trivial. 

2) q = l. 

ar'myAkir'm-'Kjk)- 1 

= {(j, I + 1) £ , (k, l + l)- 1 ^, l + l + V and 

{jk)-^\j,iy 
= (jky'iijj + iy^ij + iya- 1 
= {(j, i + iy, (k, i + i + i + i)}(j*)-V. 



3) q = l-l. 

^-\{{jiy,{ki)-\ji)-'}{jk)-' 

ee {(jj-iy^kj-iy'ijj-iy'Ujky'ay, and 
= (jky\ 3 ,i-iya-_\ 

ee {(j, i - iy, (k, i - iy l u, i - !)-%■*)- W 



(1) A (10) 

Let / = o-\jk)-{jk)<r-\q^ j,j-l,k,k-l, g = (jk)(jiy-{(jiy, (k,l)}(jk),j < k < I. 
Then w = ay(jk)(jl) £ and 

(f,g) w = a^{(jiy, (kl)}(jk) - {jk)a-\jiy. 
There are three cases to consider. 
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1) The case q ^ I, I — 1 is trivial. 

2) g = Z. 

(/, ^ = {(j, i+iy, (k, i+m i+mjk^-iu, i+iy, (k, i+m, i+im^ 1 = o. 

3) q = l-l. 

(/, g) w = {(j, I - If, (k, I - ltfWi-i - {(j, I - 1) £ , (k, I - l)}(jk)af_\ = 0. 
(l)A(ll) 

Let / = a- 1 ^)- 1 -^); V> q ± k, k-i, g = {ik)-\jiy-{{jiy , (kiyiiykiy^iy 1 }^ < 

j < k < l. Then w = a~ l {ik)~ l (jl) e and 

(f,g) w = ^{(jiy, (kiytiykiy 1 ^)- 1 }^)- 1 - (^)-v- 1 0'0 £ - 

There are five cases to consider. 

1) The case q ^ I, I — l,j, j — 1 is trivial. 

2) q=j. 

= {(j + 1, iy, (jj + lykmykiy^iy^iiky'a- 1 

= {(j + 1, iy, (kiyuykiy'iuy^jj + i^-v- 1 and 

{ik)-'aj\jiy 

= (^{(j + Mf^J.J + ilK 1 

= {{j + 1, iy, (kiyuykiy'iuy^jj + i^-v- 1 . 



3) q=j-l. 

-{^i ) ^(ti)(ii)(«)- 1 (ii)- 1 }(ik)-V 1 



(/,</)„ = {(j - 1, 1) 6 , (kl)(il)(kiy 1 (iiy 1 }(iky 1 aj} 1 



= 0. 

4) q = l 

(/, ff ) w = {a z + ir, iyk, i + i + i)-^, / + i)x^r v 

-{(j, I + 1) £ , (k, Z + l)(i, Z + l)(fc, / + l)" 1 ^, / + l)" 1 ^, / + l)}^)- 1 ^ 1 
= 0. 

5) q = l-l. 

(f,g) w = {(jj-iyAKi-mj-mj-ir'ihi-ir'mr'a-y 

-{(j, i - iy, (k, i - i)(i, z - 1)(*, z - i)- 1 ^, z - i)- 1 } (ik)- 1 ^-! 

= 0. 



(1)A(12) 

Let / = a-\ik)-(ik)(T-\ q ± k, k-1, g = (ik)(jl) e -{(jl) e , {iiy\kiy\il){kl)}{ik),i < 

j < k <l. Then w = a~ l {ik)(jl) £ and 

(f,g) w = ^{(jiy, (iir^kiy'iiiykmk) - (iQa-^viy. 

There are five cases to consider. 

1) The case q ^ I, I — j — 1 is trivial. 

2) q=j- 

^{{jiy^iir^kir^mmk) 

= {(j + 1, iy, (jj + i)(iz)- 1 (w)- 1 (<z)(«)}(ifc)(77 1 

= {(j + 1, iy, (iiy l {kl)- l (il){kl){],j + l)}^- 1 and 

{ik)a-\jiy 
= (tk){(j + l,iy,(j,j + l)}a^ 

= {(j + 1, iy, (iiy l {kiy l (ii){ki){] l3 + i)}^- 1 . 



3) q=j-l. 



4) q = l. 



(f, g ) w = {{j-i,iy,(ir)-\kiy\ii){ki)}{ik)aj\ 
{{3-i,iy,{iiy\kiy\ii){ki)}{ikyj\ 

= 0. 



(/, g ) w = {(j, z + 1) £ , (i, i + i)- 1 ^, z + i)- 1 ^, i + i)(k,i + i)(z, z + m^yr 1 

-{(j, Z + (i, I + iy\k, l + iy\i, l + l)(k,l + 1)(Z, Z + l)}(ik)ay 

EE 0. 

5) g = Z-l. 

(/,<?)™ = {(j, Z - (i, Z - l)-^^, Z - l)- 1 ^, Z - 1)(A:, Z - l)}^)^ 

-{(j, i - iy, (i, i - iy\k, i - iy\i, i-i)(k,i- i)}ma-_\ 

EE 0. 



(1)A(13) 

Let/ = a-\ik)5 - (tk) 5 a q \ q ^ i,i - 1, k, k - 1, g = (tk) 5 (jiy - (jiy(tk) 5 ,j < i < k < 



I or i < k < j < I. Then w = a' 1 (ik) 8 \jl) e and 



(f,9) w = ^\jiy(ik) 5 - {ik) 8 a-\jiy. 



There are five cases to consider. 



1) The case q ^ I, I — j — 1 is trivial. 

2) q = j. 

= {(j + l,iy,(j,j + l)}ar\tk) 5 

= {(i + l,0 £ ,O',j + l)}(^)V and 

= {(i + l,0 £ ,O',j + l)}(^)V- 

3) q=j-l. 

(f,g) w = (j - l,I) £ (i)V, " (j ~ M) £ ^)Vi = °- 

4) g = /. 

(/, i/) w = {(j, i + iy, (/, i + i)}(^)V - {(j, / + 1) £ , (/, / + !)}(**) V = o. 

5) g = Z-l. 

(2) A (7) 

Let/ = <r7 1 0',j+i)- 1 -(j,j+i)- 1 o-7 1 > ^ = O',j'+i)" 1 O'+i,0 e -{O'+i,0 e ,O'0" 1 }O',j'+ 

j + 1< Z. Then w = aj l {j,j + l)" 1 ^ + and 

(/,</)« = a^{( 3 + i } iy,(ji)^}(j,j + - + + yiy 

= MY, iU + 1, _1 , + muj + 1) - v - 
(7,7 • i) l (70V 

= {W, (J + 1, ; !.//) '[(./•./ + 1)" V - {(j'Z) £ , (j + 1, /) '!.//) •}(,.., + l)- 1 ^ 1 
= 0. 

(2) A (8) 

Let/ = a- 1 (j,j + i)-(j,j + i) ( T7 1 , ^ = o\j'+i)O'+i,0 e -{O'+i,0 e ,O'0O'+i,0}O',j'+ 

1), j + 1< Z. Then w = ^(j, j + l)(j + 1,Z) £ and 

(f,g) w = ^{(j + yiy,(ji)(j + + i) - ( 3 ,j + i)aj\ 3 + yiy 

= {{ji) £ , {U + 1, 0, (j'J + i)}(i0}(i,j + 1)^- 1 - U,j + 1)0'0 v 
= (.//! ; (./../ + 1)- 1 ^ + i,0 _1 O',j + i./../ + 1)- 1 ^ + M)(7,7 + 1) 

(jZ)(i, j + l)^ 1 - {(j7) £ , (j + 1,Z)}(j,j + 1)^ 1 

= i.//) ■{.,!)[., + 1./) (.//) '(./../ + l)- 1 ^, j + l)(jiy(jl)(j + l./!i./7) '(./., + l)- 1 

(7,7 + 1)(7'0(7,7 + 1V7 1 " (O'O*, (7 + U)}U,3 + l)^ 1 
= 0. 
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(2) A (9) 

Let / = a-^jJ+iy'-UJ+l)- 1 *- 1 , g = (j,j+iy\jiy-{(jiy, (j+1, 
j + 1<1. Then w = aj^jj + ly^jl) 6 and 

(f,g) w = v-'iuiy, o + uy'uiyy^j + ly 1 - uj + irvoo £ 
= {{u + 1, if, u,j + 1)}, (jiy'iu + 1, iy\ (j, j + + irv- 1 

= u,j + iy\j + j + i)ui)UJ + i) _1 o + m) £ o, j + ooo ; (./../ + i)-v 

-{(j + i,iy, uiy'uj + + ly'a- 1 

= + i,i)(jiy\j,j + iy\j,j + mm 3 + lr'o + urn j + i)oo _1 oo 

(j + i,iy\jiy\ 3 ,j + i)- 1 ^- 1 - (j, j + ly'iu + i,iy, oo^K 1 

= (ji)u + i,i)(ji)u + i,o £ oo _1 o, j + iy\j,j + m + \.d l oo c,.., + irv 
-{{U + 1, o £ , uiy 1 }, {(jiy 1 , (j + 1, o^oo-^o, j + irv 

= o. 

(2) A (10) 

Let/ = a- 1 (j,j + l)-(j,j + l)a7 1 , ^ = (j) 7 + 1)^/)-- {(j/)-, (j + 1, j + 1), j + 1< /. 
Thenw = a- l (j,j + l)(jiy and 

(/^)« = ^Hoo £ ,o+i,o}o,j+i)-o,j+ivoo £ 

= a-'Kjiy, u + i,i)}0', j + 1) - 0,j + 1){0 + U) £ , 0, j + 

= {{(j + 1,0 £ , 0, j + 1)}, 00>0, i + iV - + i,0 £ O, j + iV 

= 00 _1 0, i + + i,0 £ O, j + 1)000, j + iV - + i,0 £ 0,j + iV 

= 00 _1 000 + i,0 £ O0 _1 O, j + i) _1 0,i + 1)000, j + i V - 

= 0. 

(2) A (13) 

Let f = a- 1 {i,i + l) s -{i,i + l) 5 ar\ g = (i,i + lf(jiy - (jiy(i, 2 + l) 5 , j < i < i + 1< 
/ or i < i + 1 < j < I. Then w = a," 1 («, « + l) 5 {jl) £ and 

= <7fW(M + i)MM + i)VW 
= (^^(M + iJMM + i/O'OV 
= (j7r(M + i)V-00 £ (M + i)V 

= 0. 

(3) A (7) 

Let / = ^ (jfc)" 1 - (j - 1, fc) _ Vi' g = {jk)-\kiy - {(kiy, (.//) ; j (.//,•) \j < k < I. 
Then u> = aj} 1 (jk)^ 1 (kl) e and 

= ^-i{wo'0"%'*) _1 -0'-i,*)"Vi( w ) e 

= {(A;/) £ , (j - 1, O^Xj " 1, *0~ Vi - (j - 1, ky\kiyaj-i 

= {(kiy, (j - 1, iy'}{j - 1, k)- x ajl x - my, ( 3 - 1, iy l }( 3 - 1, ky^jy 

= 0. 



10 



(3) A (8) 

Let / = ajl^jk) - (j - 1, k)a~\, g = (jk)(kiy - {(kiy, (jl)(kl)}(jk),j < k < I. Then 
w = a~\(jk)(kl) e and 

(f,g) w = <j]iAm £ A3mmk)-ti-^k)aj^kiy 

= {(klf, (j - 1, l)(kl)}(j - 1, k)aj\ - (j - 1, k)(kiya-\ 

= {(kiy, (j - i,i)(ki)}(j - \,k)o-\ - {(kiy, u - i,i)(ki)}(j - i,k)a~\ 

= 0. 

(3) A (9) 

Let / = a-\{jk)-\j - 1, kr'a-l,, g = (jk)~\jiy - {(jiy, (kiy^iy^jky 1 , j < k < 

I. Then w = o"^_ 1 1 (jA;) _1 (j/) e and 

(/,</)« = ^{(^-(^^(j'O^IO'^^-O'-i^)- 1 ^^ 

= {(j- 1, ly, (ki)-\j - i, 0-%' - 1, - (j - i, fc)- 1 ^ - 1, 0^7-\ 

= {(j - i, o e , (ki)-\j - i, ir^u - i, fc)-v-_\ - 
{(j - 1, zr, - 1, /)-%■ - 1, fc)-v-_\ 

= 0. 
(3) A (10) 

Let / = aj\(jk) - (j - l,k)a~\, g = (jk)(jiy - {(jiy , (kl)}(jk), j < k < I. Then 

w = vj-iWW and 

(/,</)« = a-\{{jl)\{kl)}{jk)-{j-l,k)a-\{3iy 

= {(j - l,iy, (kl)}(j - l,k)a-\ - (j - l,k)(J - 1,0 Vi 
= 0. 

(3) A (11) 

Let / = <j-\{ik)-i-{i-l, fc)- 1 ^, g = (ik)' 1 (jiy -{(jiy , (kl)(il)(kl)-\il)-'}(ik)-\i < 
j < k <l. Then w = (J i _ 1 1 (iA;)" 1 (j7) e and 

(f,g) w = a^iijiy^kiyaykir'itir'Utkr 1 - (i- i,*)~V-iO'0 e 

= {(jiy, (ki)(i - i, i)(ki)~ l (i - yir l }(i - i, k)- l a-\ - (i - i,k)-\jiya-\ 

= 0. 

(3) A (12) 

Let / = a~_\(ik) - (< - 1, k)<j~\, g = (ik)(jiy - {(jiy, (iiy\kiy\ii)(kl)}(ik),i < j < 
k <l. Then w = (7 i _ 1 1 (iA;)(j7) e and 

(f,g) w = ^7^i 1 {0'0^(<0" 1 (*0" 1 (<0(*0}(<*)-(<-l,*)^^- 1 lO'O e 

= {(jiy, (i - 1, l)-\kl)-\i - 1, /)(«)}(< - 1, k)a~_\ - (i - 1, AOO'OV-i 
= 0. 

(3) A (13) 

/ = ai\(ik) s - (i - 1, fc) 5 o-~.\, 5 = (ik) 5 (jl) e - (jl) £ {ik) 5 . Then w = a^_ 1 1 (iA;) ,5 (j7) £ and 

(/,</)« = T-iO'OW - (i - l,k) 5 a7_\(jiy. 
There are two cases to consider. 
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1) j < i < k < I. In this case, there are two subcases to consider. 



(f,g) w 

= a-_\(i - 1, lf{ik) s - (i - 1, k) 5 a-_\(i ~ 1, IY 

= {(iiy, (i - 1, i)}(< - 1, fc) V-i - (i - 1, A;) 5 {(^) £ , (i - 1, OK-i 

= (i - 1, i)" 1 (<Z) e (< - 1, - 1, fc) V-i - (< - 1, - 1, 0(«) e (* - 1. 0" V-i- 

If 5 = 1, then 

(/, g) w = (i - 1, Z)(*Z) £ (* - 1, Z)" 1 ^ - 1, AOV-i - {(< - 1, Z), (M)}{(iZ) £ , 

(i - 1, z)- 1 ^)- 1 ^ - 1, i)(ki)}{(i - 1, z)- 1 , («)}(i - 1, fc) Vi 

= 0. 
If 5 = -1, then 

(/, </)„ = (i - 1, Z)(*Z) £ k) s a-_\ - {(< - 1, 0, - 1, Z)- 1 } 

{(^z) e , - 1, i)(kiy\i - 1, z)- 1 }^ - 1, z)- 1 ^)- 1 ^ - i, z)- 1 } 

= o. 
b) j < i - i. 

= (jZ) e (i - 1, fc) Vr\ - (i - 1, fc)«O-0V-i 

= ( 3 iy(z - i, - (jzn* - 1, fc) Vi 
= o. 

2) i < k < j < I. 

(/,</)« = a-_\(jl) £ (ik) S -(i-l,k) s a-_\(jl) £ 

= (jiy(i - 1, k) 5 a~_\ - (i - 1, fc)'(jO e *f-i 

= (j-z) £ (^ - 1, /<) V-i - O'0 e (* - 1, 

= 0. 



(4) A (7) 

Let / = a-\jk)- 1 - {(j f + 1, k)-\j, j < + l)}a~\ g = (jk)-\kiy - {(«)«, (jZ)- 1 }^)- 1 , j + 
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1 < k < I. Then w = a^fjk)-^) 6 and 

(f,9) w = a- 1 {(kl)^(jl)- 1 }(jk)- 1 -{(j + l,k)-\(jj + l)}a- 1 (kiy 

= {(kiy, {(j + 1, (j,j + l)}}{(j + 1, fc)"\ (j, j + l)}^ 1 - {(j + 1, A;)- 1 
(j,j + 1)}(A;/)V7 1 

+ i)^- 1 - + i)- 1 ^ + i,k)-\j,j + miya- 1 
= (m + ljm-^kinmj + ljrwr'uj + i)- 1 ^ + 1, k)- 1 

= (j7)(j + i,j)O'0~WO'0O' + ur'O'TWO' + 1) ky 1 (jk)~ 1 (j,j + i)- 1 
+ 1)^- 1 - + i)- 1 ^ + U)(*0 e O' + U) _1 0' + ^k)-\ 3 ,j + 1)^- 1 
= c/00" + U)O'0"WO'0O' + ur'tfTWO' + 1,*)- 1 ^*)" 1 ^ 1 - (j'O 
(j + u)O'0~WO'0O' + + i)- 1 ^ + 1, k)~ l (j,j + ly- 1 

= c/00" + uwrwo'OO' + ^ir\jir\mj + i, ao-wv 

-(j7)(j + 1, l)(jl)-\kiy(jl)(j + 1, /) ; (./7) '(//.MU + 1, fc)- 1 ^*)" 1 

= 0. 

(4) A (8) 

Let / = <j-\jk) - {(j + 1, k), (j,j + l)}o--\ g = (jk)(kiy - {(kiy, (jl)(kl)}(jk), j + 1 < 
k < I. Then w = aj 1 (jk)(kl) £ and 

(f,g) w = v-'Wy, Um)}(jk) - {(j + 1, k), (j, j + \)}aj\kiy = o 

since 

a^{(kiy,(jl)(kl)}(jk) 
= {(kiy, {(j + 1, /), (j, j + l)}(kl)}{(j + 1, k), (3,3 + l)}^ 1 

= (kl)-\j, j + l)- 1 ^ + + l)-\kiy(3,3 + + + l)(kl)(3,3 + 1) 

(j + l,k)(j, j + l)a~ 1 

= (kl)-\jl)(j + l,l)' 1 (3ir 1 (kiy(3l)(3 + l,l)(3l)'\kl)(3k)(3 + 1, fc)(j*)~V ™* 

{0" + i.fc).(j.j + iKW 

= (j,j + + l,k)(j,j + i)(kiya- 1 

= (j,j + 1)-^ + l,k)(kiy(j,j + l)a- 1 

= (3,3 + ir'my, (3 + ymw + + 1)^ 1 

= {{kiy, {(3 + 1, 0, (3ir 1 }(ki)}.{( 3 + 1, fc)0'*) -1 }0\ i + + i)^ 1 

= (ki)-\m + i,o" 1 0'0" 1 (*o e 0'00' + i,oo'0 _1 (*oo'*)0' + i,*)0'*rv- 

(4) A (9) 

Let / = ^^^-{(j+i, fc)- 1 , !./../• nK 1 . » = W _1 0'0 £ -{0'0 £ , (fcO-'O'O-'Xj*) -1 , 
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1 < k < I. Then w = a - 1 (jk) 1 (jl) £ and 

(f,g) w = ^mr, (kir^jiy'yuk)- 1 - {(j + 1, k)-\j,j + i)}a]\jiy = o 

since 

aj\{jiy, (kiy'ui)- 1 } (jk)- 1 
= {{(j + 1, iy, (j, j + 1)}, (ki)- 1 ^ + 1, (jj + i)}}{(j + 1, ky\ + i)aj l 

(jk)~ 1 o-j~ 1 and 

{{j + ykr\{ h] + i)}aj\jiy 

= u,j + i)- 1 ^ + hk)-\j,j + j + + i,iyu,j + iy- 1 

= (j, j + ly'Kj + 1, o £ , {kiy l a + 1, 0-%- + 1, k)-\j,j + i)^ 1 

= {{(j + 1, iy, (ji)- 1 }, (kiy 1 ^ + 1, (jir'mu + i, k)-\ (jk)- 1 }*^ 

= (ji)u + i,mr\ki){ji){j + yiy{jir\kir\ji){j + ur^rwo' + 

(4) A (10) 

Let / = aj\jk)-{{j + y k), (j,j + l)}a-\ g = (jk)(jiy -{{jl) e , (kl)}(jk),j + l < k < I. 
Then w = aj l (jk)(jl) £ and 

(f,g) w = a^{(jiy 7 (ki)}( 3 k) - {(j + i,k),(j,j + i)}aj\jiy 
= {(j + 1, iy, (jj + i)(ki)}{( 3 + i, k), (j, j + i)K x 

= {{j + 1, iy, (jj + i)(ki)}{( 3 + i, k), (jj + 

-{hi + + i, O e » (*0}0' + i, j + 
= {ki)-\m + yiy{jiy\ki){jk){ 3 + i,fc)0'*)~V 

-(ki)-\ji)(j + i,iy(ji)-\ki)(jk)(j + yk){jk)- l aj l 
= o. 

(4) A (11) 

Let / = a-'iik^-iii+l, k)-\ (i,i+l)}a-\ g = {ik)-\jiy-{{jiy , (kiyuykiy^il)- 1 }^)- 1 , * < 
j < k < I. Then w = a i l {ik)~ l (jiy and 

(f, g ) w = a-'^jiy, (kiytiyki)- 1 ^)- 1 }^)- 1 - {(i + i, k)-\ (m + i)K W- 

There are two cases to consider. 
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1) i= 3 -l. 

a-\{(jir, (kl)(j - l,l)(kl)-\j - ljy'Hj - 1, k)~ l 
= {{j - 1, If, (kl){(jl), (j - l,j)}(kl)-'{(jir\ (j - l,j)}}{(jk)-\ (j - 1, j)}a-\ 

= (j - i,j)-\m - ij)(ki)u - i,jr\jir\j - uxwr'o - - i, o e (*o 

u - i,j)-\m - i,mr\j - i,jr\jir\jkr\j - i, ^ 
= {{j - i,iy, (ki)(j - - i,i)-\kiy\ 3 - i,mr\j - hir 1 } 

(j-l,k)(jk)-\j -1^)-^ and 

{m-\{j-h3)}*-im £ 

= u - i,j)-\jky i {{j - ur, vm - >•./>, , 

= u - ijr'iu - 1, o e , m {kir'm-'mkr'ij - 1, j>a 

= to - 1, o e , ao-'o - - h i)- 1 }, my u - 1, o -1 }, m-'iw- 1 , u - 1, o^m 

= {(j - i,o«, (M)u - i,z)O"0O' - 1,/)" 1 ^)" 1 ^ - hi){jir\j - ur 1 } 
(j-i,fc)0'*r 1 0'-i,*)"Vi- 

2) i < j -1. 

arHO'O'.www- 1 ^)- 1 }^)- 1 

= {(j7) £ , + 1,/), (i, i + + 1, (i, t + 1)}} 

{(i+MrMM+i)}^ 1 

= (2, 2 + l)" 1 ^ + 1, % + l)(kl)(i, % + l)" 1 ^ + 1, i + l){kl)-\jl) e {kl) 

+ + l)(kl)~ 1 (i,i + + l,Z) _1 (i + 1, fc) _1 (i,i + l)^ 1 

= {(j7) £ , (ki)(ii)(i + 1, OW" 1 ^) -1 ^)^ + 1, 0" 1 ^) -1 } 

+ 1, A;) _1 (iA;) _1 a-~ 1 and 

{(i + MJ-^M + ilK 1 ^)' 

= {i 1 i + l)-\i + l,ky\ ] iy{i,i + l)ar l 

= + + 1, z)(fcz)(i + 1, i)~\kiy\jiy{ki){i + i, 0(H)- 1 

(i + l,Z)- 1 (i + l,A;)- 1 (i,i + l)(Tr 1 
= {(j7) £ , (M)(iZ)(i + 1, l){il)-\kl)-\il){i + 1, z)" 1 ^/)- 1 } 
(ifcXi + l,*;)" 1 ^)" 1 ^ 1 - 

(4) A (12) 

Let / = a7\ik)-{(i+l k), (i,i+l)}a-\ g = (ik)(jiy-{(jiy, {it)-\kl)- 1 (il)(kl)}(ik),i < 
j < k <l. Then w = a i 1 (ik)(jl) £ and 

(/, g) w = v-'Wy, (ii)-\ki)-\iiyki)}(ik) - {{i + 1, k), (i, i + i)}a-\jiy. 

There are two cases to consider. 
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1) i= 3 -l. 

°j\{uiy, u - i,ir\ki)-\j - i,i)(M)}(j - i,k) 

= {(j - 1, If, (j - l,j)}(kiyi{(jl), (j - l,j)}(kl)}{(jk), (j - 1, j)}aj\ 

= (ki)-\ 3 - ljy'uiy'u - i,j)(ki)u - - i,j)u - i,iyv - ljy 1 

{jiy\j - ljmr'u - ur'O'OO - - i,j)(ki)u - 1, j)-\jk){j - i l3 >]-i 

= {(j - i,iy, {jiy\j - i,i)-\ki)-\j - - 1,0 _1 (*0} 

(j- 1,^)0-1^)-^ and 
{(jk),(j-l,j)}a-\(jiy 

= (j - i,j)-\jk)(j - - 

= (j - i, 3 )-\jk){u - i,iy, - \,3)o-\ 

= u - ijr'iu - 1, ly, m, (kimmu - h j>a 

= {{(j - 1, iy, - 1, i)- 1 }, {{07), (j - 1, zr 1 }, (ki)}}{( 3 k), (j - 1, ky 1 ^ 

= {(j - i,iy, - M)- 1 ^) - ^' - hW)U - hir\ki)} 
(j-i,fc)07v)0--i,fc)-V-_V 

2) i < j - 1. 

= {(jiy, {(i + 1, Z)" 1 , (i, ? + l)}^)" 1 ^ + 1, i + 1)} 

(/vOH^ + ^^^ + i)}^- 1 

= {kiy l {i,i + + l,Z)" 1 (i,i + 1)(A;Z)(M + l)" 1 ^ + 1,Z)(M + l)(j/) e 

+ + l)(kiy 1 (i,i + + + l)(kl) 

(i,i + l)- l (i + l,k)(i,i + l)a- 1 

= {(jiy, (u)(i + 1, ly^iy^uy^iyi + 1, j)^)- 1 ^)}^* + 1, k) 

(iky 1 ^ 1 and 

{(< + i,fc),(<,< + i)K 1 (jO- 

= (^^ + l)- 1 (z + l,A;)(j'Z) £ ( ? , ? + l) C T- 1 

= (2, ^ + i)- 1 ^)- 1 ^ + 1, z)- 1 ^)^ + 1, z)(j7) e (i + 1, ly^kiy 1 
(i + i,i)(ki)(i + i,k)(i,i + iyy 

= {(jiy, + 1, ly^uy^kiy^uyi + 1, zxiz)- 1 ^)}^)^ + 1, fc) 

(4) A (13) 

Let / = <J-\ik) 5 - {(i + 1, A;) 5 , + l)}^ 1 , 5 = W'O'O 6 - WW, 3 <i<i + K 
k < l,or,i < i + 1 < k < I. Then w = a i 1 (ik) 5 (jl) e and 

(/,</)« = a-\jiy{ik) 5 - {{i + l,k)\{i,i + l)}a-\jiy 

= (jiy{(i + 1, k) 5 , (i, i + l)}^ 1 - (j7) £ {(* + 1, A;) 5 , (i, i + l)}ay 
= 0. 
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(5) A (7) 

Let / = a^jky'-^k-l)-^, g = (jk)' 1 (kl) £ - {{kl) £ , {jiy l }{jk)-\ j <k-l< 
k<l. Then w = a k \(jk)~ l (kl) £ and 

(f,g) w = ^{WO'O" 1 }^*)" 1 -^,*-!)" 1 ^!^) 6 

ee {(k - 1, /r, (jO- 1 }^, fe " I)" V fc _\ - (j, fc - l)" 1 ^ - 1, l) £ a k \ 

EE 0. 

(5) A (8) 

Let / = ^(jfc) - (j, k - g = (jk)(kl) £ - {(M) £ , (jZ)(«)}(j*), J < * - K * < J. 

Then iu = a k \(jk)(kl) £ and 

(/,</)« = ^ 1 {(«^O'0(*0}O'*)-O\*-iK- 1 i(*0 e 

ee {(k - 1, Z) £ , - 1, Z)}(j, fc - lK-_\ - (j, fc - l)(k - 1, J) 6 *^ 

EE 0. 

(5) A (9) 

Let / = (T^O'fc)- 1 - (j, k - l)- 1 ^, 5 = (jAO-W " {(J'0 e , W'O'O-'XJ'*)- 1 , J < 
k — 1 < fc < Z. Then iu = a k \(jk) 1 (jl) £ and 

(/,<?). = ^--i{0^(*0- 1 0'0-%'*)- 1 -0\*-i) _ ViO'O e 

ee {(jz) £ , (* - 1, 0-^iZ)- 1 }^, fc - i)- 1 ^ - (j, k - ir l (jiy* k \ 

EE 0. 

(5) A (10) 

Let / = a~\{jk) - (j, k - l)a k \, g = (jk)(jl) £ - {(jl) £ , (kl)}(jk),j < k - 1< k < I. 
Then w = a k \(jk)(jl) £ and 

(f, 9 ) w = a^Kjiy^kwm-ti^-i^ijiy 

ee {(jl) £ , (k - 1, k - l)a k \ - (j, k - miya k \ 

EE 0. 

(5) A (11) 

j < k <l. Then w = a k \{iky l (jl) £ and 

= ^-AUiy, (kiyuyki)- 1 ^)- 1 }^)- 1 — (i,k — i)- l a k \uty. 

There are two cases to consider. 
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1) j = k-l. 

= {{(kiy, (k - 1, k)}, (k - I, l)(il)(k - 1, iy\il)- l }{i, k - iy l a k \ 
= (il)(k - 1, l)(il)-\k - 1, l)-\k - 1, k)-\kl) £ (k - 1, k)(k - 1, l)(il) 

(k - 1, k - iy l a k \ 

= (il)(k- l,l)(il)-\kl) £ (il)(k- l,l)-\il)-\i,k- ly^l-i and 

^k-iy'a^k-ljr 

= {i.k-iy'Ukiy^k-^k)}^ 

ee {(kl) £ , {(k - 1, k), (ik,y l }{i, k - l) -1 ^^ 

= (ik)(k - 1, k)- 1 {iky 1 {kiy{ik){k - 1, k)(iky\i, k - iy l a k \ 

= (ik)(k - 1, ky^ikiy, (uy^ik - 1, k){iky\i, k - i) -1 ^ 

= (ik){{(kiy, (k - i, i)- 1 }, (tiy l }{tky\t, k - ly 1 ^ 

= {{{(kiy, (iiyki)}, {(k - 1, (iz)- 1 ^)" 1 ^)^)}}, {(<0 _1 , ( fc 0}} 

= (iz)(ib - 1, i){iiy\kiy{ii){k - i, ly^uy 1 ^, k - iy l a k \. 

2) j<fc-l. 

(/,</)« = *fc-i{(j'O e , (A;Z)(iZ)(A;Z)- 1 (iO~ 1 }(^)~ 1 — (i,k — l)' 1 ^{jiy 

= {( 3 iy, (k - 1, i)(ii){k - 1, z)- 1 ^)- 1 }^, * - 1)- l a k \ — (i,k- iy l 

= 0. 

(5) A (12) 

Let / = a k \{ik) - (i,k - l)a k \, g = {ik){jlf - {(jiy, (il)-\kl)-'(il){kl)}{ik),i < j < 
k < I. Then w = (7 A ,i 1 (iA;)(j7) e and 

(f,g) w = ^{(jiy, (iiy\kiy\iiyki)}{ik) -{i,k- lyy^jiy. 

There are two cases to consider. 
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1) j = k-l. 

a^{(k - 1, iy, diy\kiy\ii)(ki)}(ik) 

= {{(kiy, (k - 1, k)}{iiy l {k - 1, iy\il){k - I, k - l)a k \ 

= {(kl) e ,(k- l,iy 1 (ily 1 (k~ l,iy l (il)(k- l,l)}(i,k- l)a k \ and 

= (i, k - l){(kl) £ , (k - 1, k)}a k \ 

= {(kiy, {(k - 1, k)(ik)(k - 1, fc)}}(i, fc - \y k \ 

= (k - 1, k)~ 1 (ik)~ l (k - 1, k)~ 1 (ik)(k - 1, k)(kl) £ (k - 1, k)~ 1 (ik)~ l (k - 1, fc)(iJfe) 

(fc-i.fcKi.fc-i)^ 

= (A; - 1, k)~ 1 (iky 1 (k - 1, A;) _1 (iA;){(A;/) £ , (Jfe - 1, l)(kl)}(iky 1 (k - 1, fc)(iJfe)(Jfe - 1, fc) 

= (Jfe - 1, k)-\iky 1 {k - 1, &;) _1 {{(A;Z) £ , (il)(kl)}, {(k - 1, Z), (iZ) ^(/fcZ) 1 (iZ)(fcZ)} 

{(M), (*Z)(A;Z)}}(A; - 1, fc)(ifc)(A; - 1, fc)(i, fc - 1)^ 
= (fc - 1, fc)- 1 (iA;)- 1 {{(A:Z) £ , (fc - 1, Z)" 1 }, (iJ){(fc - 1, Z), (kl)~ 1 (k - 1, Z)" 1 } 

{(A;Z), (A; - 1, Z)- 1 }}(^)(A; - 1, fc)(i, fc - 1)^ 

= (k - 1, fc)- i {{{(*o e , m -1 }, {(* - 1, o~\ (fcoww 1 ^) -1 }}, {(«), (*o _1 

(iZ)- 1 }!^ - 1, Z)(A;Z)(zZ)(ZcZ)- 1 (iZ)- 1 }{(ZcZ)(iZ)- 1 }}(A: - 1, fc)(i, fc - 1)^ 

= {{(kiy, (k-i, iy 1 }, {{(k - 1, iy\ (uy\k - 1, iy 1 }, {(ki), (k-i, ly 1 }^)} 

{{(k -i,i), (kiy\k - 1, iy 1 }, {(ki), (k - i, ly 1 }}^, k - iy k \ 
= {(kiy, (k-i, iy l (iiy\k - 1, ly^uyk - 1, m, k - \)a k \. 

2) j<k-l. 

(/, 9) w = {(JIT, (il)-\k - I, iy\il)(k — l,l)}(i,k — l)a k \ — (i,k — l)(jO e ^fc-i = °- 

(5) A (13) 

Let / = a k \(ik) 5 — (i,k — l) 5 a k \, g = (tk) 5 (jiy - (jl) £ (tk) 5 ,j <i<k-l<k< 
I or i < k — 1 < k < j < I. Then w = cr k \(ik) 5 (ji) e and 

(f,g) w = a;\(jiy(ik) s -(i,k-i) 5 a;\(jiy 

= (jl) E (i, k - l) s a k \ — (i,k — i) s (jiy* k ^ 

ee (jiy(i, k - l) s a k \ - (jiy(i, k - l) s a k \ 
= 0. 

(6) A (7) 

Letf = ^ 1 Uk)- 1 -{U,k+l)-\(k,k+l)}^\ g = (jk)-\kiy-{(kiy ,(jl)-'}(jk)-\j < 
k<l. Then w = a k 1 (jky 1 (kl) £ and 

(/, g) w = ol l {(kiy, (jiy'Kjk)- 1 - {(j, k + l)-\ (k, k + l)}a k \kiy. 

There are two cases to consider. 
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1) k = l-l. 



( 7 fe - 1 {(^,A; + l) £ ,0^ + l)- 1 }(^)- 1 
= {(fc, fc + (jky'UU, k + (fc, k + 1)K X 
= (jk)(k, k + lY{jk)-\k, k + l)- 1 , (j, k + l)- 1 ^, k + l)^ 1 
= (A;,A; + l)~ 1 (j,A; + l)~ 1 (A;,A; + l) £ (A;,A; + l) ( 7 fe 1 and 

{(j,A: + l)~ 1 ,(A:,A: + l)}^ 1 (A:Z) £ 
= (k, k + l)" 1 ^, fc + l)" 1 ^, fc + l)(fc, fc + l) 6 ^ 1 
= (k, k + l)" 1 ^, fc + l)" 1 ^, fc + l) £ (fc, fc + l)^ 1 . 

2) fc < I - 1, then j < k < k + 1 < I. 

= {{(fc + 1, Z) £ , (fc, fc + 1)}, (j/)- 1 }^', A; + l)" 1 , (fc, fc + l)}^ 1 

= (j7)(fc, fc + l)- 1 ^ + 1, Z) £ (fc, fc + 1)0'0 _1 (*, k + l)- 1 ^, + l)" 1 ^, k + l)}^ 1 

= (jl)(kl)(k + 1, l) £ (kl)-\jl)-\k, k + l)- 1 ^, fc + l)" 1 ^, fc + 1 ond 

{0\* + i)-\(M + i)KW 

= (fc, fc + l)- 1 ^, fc + l)" 1 ^, fc + l)(fc, fc + l)" 1 ^ + 1, Z) £ (fc, fc + 1)<7* 1 

= (fc, fc + i) _1 {(fc + 1, £ , fc + i) -1 (fc, fc + i)K _1 

= {{(fc + i, ly, (fc/)- 1 }, (ji)- 1 }^, k + i)- 1 ^, fc + 1)- 1 ^, fc + i)^- 1 

= (jl)(kl)(k + 1, /) £ (fc/)- 1 ( J 7)- 1 (fc, fc + i)- 1 ^, fc + i)- 1 ^, fc + i)^- 1 . 

(6) A (8) 

Let / = a^(jk)-{(j, fc + 1), (fc, k + l)}a k 1 ,g = (j k)(kl) e - {(fc/) £ , (j7)(fc/)}(jfc), j < k < I. 
Then w = a k l (jk)(kl) £ and 

(/, g)„ = ^{(kiy, (ji)(ki)}( 3 k) - {(j, fc + 1), (fc, fc + i)}a k \kiy. 

There are two cases to consider. 



1) l = k + l. 

(/, g) w = ^{(k, k + iy, (j, fc + i)(fc, fc + i)}(jfc) - {(j, fc + 1), (fc, fc + 

(fc,fc + l) £ 

= {(fc, fc + 1) £ , (jfc)(fc, fc + i)}{(j, fc + i)(fc, fc + 1)}^: 1 

-(fc, fc + l)" 1 ^, fc + 1), (fc, fc + l)(fc, fc + l) £ a k 1 
= (fc, fc + l)- 1 (jfc)- 1 (fc, fc + l) £ (jfc)(j, fc + l)(fc, fc + 1)<7* 1 - (fc, fc + I)" 1 

(j, fc + 1), (*,* + !)-+ V 
= (fc, fc + l)- 1 ^, fc + l)(fc, fc + 1) £ +V fe 1 - (fc, fc + l)- 1 ^, fc + 1) 

(fc, fc + v 
= o. 
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2) I < k + l,j < k < k + 1 <l. 



(f,g) w = {{(k + i,iy,(k,k + i)},(ji){(k + i,i),(k,k + i)}}{(j,k + i), 

(k, k + 1)}^ 1 - (k,k+ k + l)(k + 1, lf(k, k + l)a^ 

= (fc, fc + i)- 1 ^ + 1, fr 1 ^, fc + i){ji)-\ji){k, k + i)- 1 ^ + i, o 
U, k + i)(k,k + i)a? - (k, k + ^{(k + 1, iy, (ji) 

{k + l,l)}{ 3 ,k+l)(k,k + l)a k l 
ee {{(A; + 1, If, (kiy 1 }, (jl){(k + 1, i){kir l }}{k, k + k + 1) 

(k, k + i)^- 1 -{{(k+i, iy, (kir 1 }, ( 3 i){(k + 1, my 1 }} 
(M + ir^+ixM + iy- 1 

EE 0. 

(6) A (9) 

Let / = a k \ 3 k)- l -{{ 3 , k+1)' 1 , (k, k+l)}a k \ g = {jk)-\jiy-{{jiy , {kl)-\ 3 l)- l }{ 3 k)-\ 
k<l. Then w = (ratify' 1 (jl) e and 

(/, g) w = a k l {{ 3 iy, {kl)-\ 3 iy l }{ 3 k)- 1 - {{j, k - I)" 1 , (k, k + l)}a k \ 3 iy. 
There are two cases to consider. 
1) k = l-l. 

a?{(j, k + iy, (k, k + 1)-\ 3 , k + ly'jOky 1 
ee {(jky, (k, k + ly'ijk)- 1 }^, k + i)-\k, k + i)}*- 1 
ee (jk)(k, k + iy 3 ky(k, k + iy\ 3 k)-\k, k + i)-\j, k + iy\k, k + i)a k \ 

If e — 1 , then 

a^iu, k + iy, (k, k + iy\j, k + i)- 1 }^*)- 1 

ee (jk)(j, k + 1)-V fc 1 ee (k, k + l)-\j, k + l)-\k, k + l)( 3 k)a k \ 
If e = —1, then 

*?{V, k + iy, (k, k + i)-\j, k + ly'Kjk)- 1 

EE (k,k + l)-\j, k + l)~\k, k + l)(j, k + l){jk)-\k, k + l)-\j, k + l)~\k, k + 1) 

ee (k, k + iy\j, k + iy\k, k + i)u, k + i)u, k + iyk,k + iy\j, k + iy\ 3 ky l 

( 3 ,k + l)-\k,k + l)a k l 

EE (k,k + l)-\j, k + l)-\k, k + V- 

Hence, 

a?{(j, k + iy, (k, k + i)-\j, k + ly'Kjk)- 1 

ee (k,k + l)-\ 3 ,k + l)-\k,k + l){ 3 k) £ a k l and 

{{ 3 ,k + l)-\{k,k + l)}<y' k \ 3 ,k + iy 
ee (k,k + l)-\j, k + l)-\k, k + l)( 3 kya k \ 
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2) Zc < I - l,j < k < k + 1 < I. 



(/, g) w = my, {(k+i, iy\ (k, k + mjir'Hu, k + 1)- 1 , (k, k + i)}^ 1 

-(Zc, k + l)" 1 ^, k + l)" 1 ^, k + 1)(jO v 
= 0'Z)(Zc, Zc + l)- 1 ^ + 1, l)(k, k + 1)(jZ) £ (Zc, k + l)- 1 ^ + 1, Z)- 1 

(Zc, fc + fc + i)" 1 ^ fc + ^(k, k + ~(k,k + i)- 1 

(3,k + ir 1 (3ink,k + l)a- 1 

= ui)(ki)(k + i, i)(ki)-\jiy(ki)(k + i, i)-\ki)-\ji)-\3\ k + i)-v fe - 1 

-(*, fc + i)- 1 !^, (* + 1, o-'ot^o, * + i r\k, k + i)^- 1 

= (jl)(kl)(k + 1, l){kl)-\jlY{kl){k + 1, l)-\kir\3ir\3, k + i)- 1 ^- 1 

-{tiiy, {(k + 1, z)-\ (m)- 1 }^)- 1 }^, fe + i)- 1 ^, fc + i)- 1 ^, k + IK 1 

= 0. 

(6) A (10) 

Let / = a^(jk) - {(j, k + 1), (k, k + 1)K~\ 5 = O*)O0 e - {(j'Z) £ , (ZcZ)}(jZc), 3 < k < I. 
Then w = a k l (jk)(jl) £ and 

(/, = (kl)}(jk) - {(3, k + 1), (k, k + l)}a^(jiy. 

There are two cases to consider. 

1) l = k + l. 

a^{(j,k + iy,(k,k + l)}(jk) 
= {(jky, (k, k + 1)}{(j, k + 1), (k, k + l)}^- 1 
= {k,k + l)-\3kyU,k + l){k,k + l)a k l . 

If e — 1, then 

a^{(j,k + iy,(k,k + l)}(jk) 
= (k,k + l)-\k, k + l)-\3, k + l)(k, k + l)0'Zc)(Zc, + l)^ 1 
= (Zc, Zc + l)- 1 ^ k + l)(k,k + l){3k)a k l . 

If e — —1, then 

^ 1 {0',fc + i) e ,(fc,* + i)}0'*) 

= (Zc, Zc + l)- 1 ^, k + l)(k, k + Zc + l)(k, k + k + l)-\3k)-\k, k + l)a k 1 

= (Zc, k + l)-\ 3 , k + l)(k,k + 1)0'*)" V- 

Hence, 

^{O, Zc + 1) £ , (*, Zc + l)}(jk) = (k,k+ k + l)(Zc, k + l)(j*) V- 

Also, 

{0, zc + 1), (k, k + m^o, zc + \y = (k, k + ly^j, k + i)(k,k + i)(jkya,\ 
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2) l<k + l. 



(f,g) w = {(jiy,{(k + l,l),(k,k + l)}}{(j,k + l),(k,k + l)} 

= (k,k + l)-\k + 1, l)-\k, k + l)(jl) £ (k, k + l)" 1 ^ + 1, 00', k + l)(k, k + 1) 

-(fc.fc+ir^fc+^ow.fc+iK 1 

= (JfeZ)(Jfc + 1, iy\kiy\]l) £ (kl)(k + 1, l)(kl)-\k, k + l)" 1 ^, fc + l)(k, k + 1) 
-(k, k + ir'WY, (k + 1, k + l)(k, k + 1)^ 1 

= (ki)(k + 1, i)-\kiy l {jiy{ki){k + 1, i)(ki)-\k, k + k + i)(k,k + 1) 

-{(j7) £ , {(fc + 1, 0, (A:/)" 1 }}^, fc + l)- 1 ^ k + l)(k, k + l)^ 1 
= 0. 

(6) A (11) 

Let / = (7fe - 1 (^)- 1 -{(i, fc+i)- 1 , fc+i)}^ 1 , ^ = m-'uiy-iuiy, (ki)(ii)(kiy\uy l }(ik)~\i < 

j < k <l. Then w = a k l (iky l (jl) s and 

(/, g ) w = a^{(jiy, (kiyuyki)- 1 ^)- 1 }^)- 1 - «*, k + i)- 1 , (k, k + i)WW- 

There are two cases to consider. 



1) k = l-l. 

a k l {( 3j k + 1) £ , (k, k + k + l)(k, k + l)" 1 ^, k + l)' 1 }^)- 1 

= {(jky, (k, k + i)(ik)(k, k + ly^ik)- 1 }^, k + i)- 1 , k + i)}^- 1 

= (ifc)(A;, k + lyik)' 1 ^, k + l)- 1 ^)^, k + l)(iife)(A;, fc + l)- 1 ^)- 1 ^, k + I)" 1 

{i,k + l)-\k,k + l)a? 
= (k, k + l)" 1 ^, fc + l) _1 (Jfe, fc + k + l)(j'A;) e (A;, k + l)(k,k + k + l)" 1 

(k, k + k + l)(k, k + l)(fc, fc + fc + iy\k, k + l)tr- 1 

= (k,k + l)- 1 (i,k + l)- 1 (k,k + l)(jk) £ a k l and 



{{i,k + l)-\{k,k + l)}a-\3,k + iy 
= (k, k + fc + l)" 1 ^, fc + l)(j'A;)V fc \ 

2) fc < Z + 1, i < j < k < k + 1 < I. 

(/, <?)™ = {(jiy, {(k + l,l), (k, k + l)}(il){(k + 1, 1)' 1 , (k, k + l)}^/)- 1 } 

{(i, k + (k, k + i)K 1 -(*,* + i)- 1 ^, fe + i)- 1 ^, fc + 1)0"0 V 

= {(jJ) e , {(* + 1, 1), (W)- 1 }(iZ){(fc + 1, Z)-\ (M)- 1 }^)- 1 }^, fc + l)- 1 
-{(j7) £ , {(fc + 1, 1), (Uy^WUk + 1, Z)~\ (M)" 1 }^)- 1 }^, fc + i)- 1 

(i^+ir^fc+iK 1 
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(6) A (12) 

Let / = a^(ik)-{(i, k+1), (k, k+l)}a k \ g = (ik)W-{W, {il)~\kl)-\il){kl)}{ik),i < 
j < k <l. Then w = a k 1 (ik)(jl) £ and 

(/, 9) w = ^{(jlY, (iir\kl)-\il)(kl)}(ik) - {{i, k + 1), (k, k + i)}a^(jiy. 

There are two cases to consider. 

1) k = I - l,i < j < k < I = k + 1. 

(T?{(j, k + If, (i, k + l)~\k, k + l)" 1 ^, k + l)(k, k + l)}(ik) 

= {(jky, (ik)-\k, k + i)-\ik)(k, k + 1)}{(<, k + 1), (k, k + i)}^: 1 

= (k, k + i) -1 ^) -1 ^, fc + lyikyjkyiik)- 1 ^, k + iy\ik)(i, k + i)(k,k + iy fe 1 

= (fc, fc + l)* 1 ^ fc + l)(k, k + l)(i, fc + l)-\]k) £ {i, k + 1)^ 1 
= (/«,/« + l)- 1 (i,/c + l)(/c,/c + l)(jA;)V fe 1 and 

{(a + iMM + ^K^ + i) 5 

= (A;, k + k + l)(k, k + l)(j'A:)V fc x . 

2) k<l-l,i<j<k<k + l<l. 

a k l {{jl)\{il)-\kl)-\il){kimk) 
= {(jiy, (tiy'iik + 1, Z)" 1 , (fc, fc + l)}(iZ){(fc + 1,/), (k, k + 1)}} 
{(i,k + l).(k, k+ l)}^ 1 and 

{(i,fc + l),(M + l)K"W 
= (A;, k + fc + l)(k, k + l)(j7)V fe 1 

= (k, k + l) _1 {0'0 e , (iZ)" 1 ^ + 1, Z)- 1 ^/)^ + 1, Z)}(i, fc + l)(/c, fc + l)a k 1 
= {(j'Z) £ , (iZ)- 1 !^ + 1, Z)- 1 , (A;, k + l)}(il){(k + 1,1), (k, k + 1)}} 
{{i,k + l).{k,k + l)}a k \ 

(6) A (13) 

Let / = a k l (ik) s - {(i, k + l) s , (k, k + l)}a k \ g = (tk) s (jiy - (jiy(ik) s ,j < i < k < I. 
Then w = a k l {ik,y(jl) e and 

(/, g) w = <r- k \jiy{ik) s - {{i, k + l) s , (k, k + l)}a k \jiy. 

There are two cases to consider. 

1) k — l-1, j <i <k <l = k + l. 

a k \j, k + iy(tk) 5 = (jky{(i, k + l) s , (k, k + l)}a k \ 

If e — 1, then 

a k \j,k + iy(iky 
= {{(t, k + iy, (j, k + i)-\k, k + iy\j, k + iyk,k+ 1)}, 

{{k,k + l),{ 3 ,k + l){k,k + l)}}{ 3 kya' k l 
= (k, k + l)-\i, k + l)\k, k + l)(jky<j k \ 
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If e = — 1, then 



= m, k + iy, (k, k + m k+i)(k,k+ i)- i ( 3 , k + {(k, k + 1), u, k + 1)- 1 }} 

= (k, k + l)" 1 ^, k + l) S (k, k + l)( 3 k) £ a k l . 



On the other hand, 

{(<, fc + l) 5 , (fc, fc + l)}^- 1 ^, fc + l) e = (k, k + l)- 1 ^, fc + l) 5 (k, k + Wkfa, 1 . 

2) k<l — l,j<i<k<k + l<l. 

(f,g) w = (jiy{(i,k + l) s ,(k,k + l)}a^- 

(k, k + l)" 1 ^, k + l) s (k, k + l)(j/)V- 1 

= (jl) £ (k, k + k + l) s (k, k + l)a k 1 - 

(jl) £ (k, k + l)- 1 ^, fc + 1) 5 (A;, k + l)a k 1 

= 0. 

(6) A (13) 

Let / = a k \ikf - {(i, k + l)* 5 , (fc, fc + 1)K\ g = (ik) 5 (jl) £ ~ (jl) £ (ik) s , i < k < j < I. 
Then w = a k l (ik) s (jl) £ and 

(/, g) w = a^Wiik) 5 - {(<, fc + l) 5 , (fc, fc + lJKW- 

There are two cases to consider. 

1) k = j-l,i<k<k + l=j<l. 

a k \k + l,l) £ (ik) 5 
= {kiy{{i,k + l) s ,{k,k + l)}a? 
= (kiyfak + iy^k + lYfak + l)^ 1 and 

{(i,k+l)',(k,k+l)}*i\k+l,l) e 

= (k, k + l)- 1 ^, k + l)\k, k + l){kl) £ a k 1 

= (/c, k + l)- 1 ^, fc + l) S {(kl) £ , (k + 1, Z)}(fc, k + IK 1 . 

If £ = 1, then 

{(<,fc + i)«,(fc,fc + i)K 1 (fc + i,o e 
= (k, k + rrHlW, (*0 _1 (fc + 1, _1 (*0(* + 1, Oh {(* + 1, 0, ( il )( k + h 0}} 

(i, k + l) S (k, k + l)^ 1 
= (k, k + ^{(kiy, (k + 1, Z)}(i, k + l) s (k, k + l)a k 1 

= {{(A;/) £ , (A; + 1, J)" 1 ^)" 1 }, {(* + 1, 0, k + k + l) 5 (k, k + l)a k x 

= (kl) £ (k, k + l)- 1 ^, k + l)\k, k + l)a k \ 
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If e — — 1, then 

{(i,k + l) s ,(k,k + l)}a^(k + l,iy 
= (k, k + 1) _1 {{ W, (k + 1, l)(il)(k + 1, Z)" 1 ^)- 1 }, {(A; + 1, 1), (il)' 1 }} 

(i,k + l) s {k,k + l)a^ 
= (k, k + LtHW, (k + l,l)}(i,k+ l) 5 (k, k + l)a- 1 
= (kl) £ (k, k + k + l) 5 (k, k + l)a-\ 

2) k < j - l,i < k < k + 1 < j < I. 

(f, g) w = (jiy{(i, k + l) 5 , (k, k + 1)K 1 - (jl) e {(i, k + if, (k, k + l)}^ 1 = 0. 

(7) A (7) 

Let / = (ijr'Uk)- 1 - {(jk)-\ {ik)-'}{ij)-\ g = {jk)-\kiy - {{kiy, (jir^jk)- 1 , % < 

j <k<l. Then w = (ii)- l (jk)' l (kl) £ and 

(/, g)» = (ijy'wy, {jiy'mr 1 - my 1 , (iky^jy^iy = o 

since 

= {(kiy, {{jiy\ (uy'mm- 1 , m-^y 1 and 

{{ 3 ky\{iky l }{i 3 y\kiy 
= (ikyjky'iiky'iijy^kiy 
= (ikyjky'iikiy,^)- 1 }^)- 1 ^)- 1 
= (ik){{(kiy, ui)- 1 }, (iir^m-'iik)- 1 ^)- 1 
= {{{(kiy, (iiyki)}, {{jiy\ (uy^kiy'iuyki)}}, {(uy'iki)}} 

{ik){3k)-\ik)-\i])- 1 

= {(kiy, {(jiy\ (ur'HUk)- 1 , {ik)-'}{ij)-\ 

(7) A (8) 

Let / = [ij)-\jk) - {(jk),^)- 1 }^)- 1 , g = (jk)(kiy - {{kiy,( 3 iyki)}( 3 k),i < j < 

k < I. Then w = (ij)~ l (jk)(kl) £ and 

(f,g)w = (uTHW, (ji)(ki)}( 3 k) - {(jk), {iky^iijy^kiy = o 

since 

^{(kiy^jiykiyuk) 
= {(kiy, {(ji), (iiy'yikiMijk), (iky 1 }^)' 1 <™d 

{( J k),( i k)- i mr\kiy 

= {ikyjkmiy^iy^aky^ijy 1 

= (ik){{(kiy, (ji)(ki)}, {iir^ijkyiky'ii])- 1 

= {{{(kiy, (iiyki)}, {(ji), (ii)-\ki)-\iiyki)} 

{(ki), (u)(ki)}}, {(uy 1 , (kiy'w-^kyjkyk)- 1 ^)- 1 

= {(kiy, {07), (uy'mmuk), m-'m- 1 - 
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(7) A (9) 

Let / = (yT'WMO'*) -1 , 9 = W-{0'O e , W'O'O" 1 }^*)" 1 . < < 

j < k <l. Then w = (u) _1 (i^) _1 O'0 £ anci 

(/, </)« = (u) _1 {0'0 £ , W'O'O" 1 }^*)" 1 - {(j*)" 1 , W'Xur'O'O" = o 

since 

(ijr'mrAkir'ui)- 1 }^)- 1 

= {(jiy, (il)-\kl)-'{{jl)-\ (il)- l }}{{jk)-\ (ik)- 1 }^)- 1 and 

{{jk)-\{ik)-'}{ij)-\jir 

= {ik){jk)- i {{{jiy, (mmr^u)- 1 }, m- 1 , (m)- 1 ^)- 1 }}^)- 1 ^)- 1 
= mukr'iuiy^ii)- 1 }^)- 1 ^)- 1 

= (ik){{(jiy, (kiy'ui)- 1 }, (iir'ym-'iik)- 1 ^)- 1 

= {{my, (ur'ikiy^uyki)}, {(ki)-\ dm)} 

{{jiy\ {ur\kiy\uyki)}}, {(ii)-Hki)}}(ik)Uk)-\ik)-\ij)^ 
ee {(jiy, di)-\ki)-\{ji)-\ (ii)- l }}{{jk)-\ nk) '}(/./) . 

(7) A (10) 

Let / = {ij)-\jk) - {(jk), dk)- 1 }^)- 1 , g = (jk)(jiy - {(jiy, (kl)}(jk),i <j<k<l. 
Then w = (ij) 1 (jk)(jl) e and 

(f,g) w = (ur 1 {(j'O e , (mm) - {(jk), {ikr i }{ijr\jiy = o 

since 

(^{(jiy^kimjk) 

= {{uiy^dir^Akimuk),^)- 1 }^)- 1 and 
{(jk),^)- 1 }^)- 1 ^ 

= dkyjkuuiy,^)- 1 }^)- 1 ^)- 1 

ee mmiy, («)>, iiir^mak)- 1 ^)- 1 

= mm 6 , m-\kir\uyki)}, m, (imm, m~\ki)}} 

dkyjk)^)- 1 ^)- 1 

= {{{jiy^ir^Akmrn^m-^j)-'. 

(7) A (11) 

Let / = (pi)- 1 (ifc)- 1 -{(iA;)- 1 , (pA;)" 1 }^)" 1 , <? = (?/c)~ 1 (j/) £ -{(j7) e , (A^XM)- 1 ^)- 1 }^)" 1 , P < 
i < j < k < I. Then u> = (pi)' 1 ^)' 1 ^) 6 and 
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since 



^{uir^ki^mr 1 ^)' 1 }^)- 1 
= my, (ki){(u), {piy'mr'm- 1 , (po- 1 }}^*)- 1 , (pao^KpO -1 and 

{(ik)-\(pk)-'}(pi)-\jir 

= { P k){ik)-\ P ky\]iy{ P iy l 

= ( P k){{(jir, (kimiki)- 1 ^ 1 }, {(kim^w) 
{{kir\{tiY i }{piy i }{tkr\pkr\ P t)- 1 

= (pk){(jiy, (ki){(ki)- 1 ( i i)- 1 (pir l }}( i k)- 1 ( P k)- l (p i )- 1 
= {{(jiy, (pi)-\ki)- l (pi){ki)}, {(ki), (piykiy 

{{(kiy\ (piyki)}, {(u)-\ {pir\kiy\piyki)}{{pi)-\ {ki)}}{pkyik)-\pky\pir l 
= {(jiy, (ki){(u), (pir'Uki)- 1 ^)- 1 , (p/)- 1 }}^)- 1 , (pkr 1 }^)- 1 . 

(7) A (12) 

Let / = (pi)-\ik)-{(ik), (pky^pi)- 1 , g = (ik)(jiy~{(jiy , (iiy\kiy\il)(kl)} (ik),p < 
i < j < k < I. Then w = (piy l (ik)(jiy and 

(f,g) w = (piy'wy, (ii)-\kiy\iiyki)}(ik) - {(ik), ipky^ipiy'ijiy = o 

since 

{piy i {{ 3 iysir\ki)- i (ii){ki)}m 

= {(jiy, {(u)-\ (piy^kiy'm, (piy^kiy^k), (pky^piy 1 and 

{{i^^ipky^ipiy'ijiy 
= (pk)(ik){(jiy, (kiypiykiy'ipiy^pky 1 ^)- 1 
= (pk){{(jiy, (iiy\kiy\iiyki)}, {(ki), {u){ki)}{ P i) 

{(kiy^itiykiyipiy^kypky^pzy 1 
= (pk){(jiy, (ki){(kiy\ {uykiypiy 1 }}{ik){pky\p{y 1 
= {{(jiy, (piy\kiy l (pi){ki)}, {(ki), (pi)(ki)}{{(kiy\ ( P i)(ki)}, 

{(u), (piy\kiy\ P i)(ki)}{(ki), (piykiy {( P iy\ (ki)}}}(pk)(ik)(pky l ( T ny 1 
= {0'0 £ , {(«r\ (piy'wy'm, (piy'UkiMiik), (pky 1 }^)- 1 . 

(7) A (13) 

/ = (piy^ikf-Hiky, {pky l }(piy l ,g= (ik) & (jl) £ -(jiy(ik) s . Then w = {pi)~\ik) s {jiy 
and 

(/,</)« = ( Pl y\jiym 5 - {(ik) s , (pky'}(piy\jiy . 

There are two cases to consider. 

1) p < i < k, j < i < k < I. In this case, there are three subcases to consider. 
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a) p < j,p < j < i < k < I. 



{pi)-\mik) s 

= {(jO-.W^W^W^HW.W 1 }^)- 1 and 

(pk)-'}(pi)-\jir 

= {pk){ik) s {pky l {{]iy, (uypiyuy^piy^piy 1 

= (pk)m 5 {{( 3 iy, (ki^mr'ipi)- 1 }, m, {kiypiyuy^piy 1 } 

{( P i), (kiy^pi)- 1 }^)- 1 , {ki)(pi){kiy l (pi)- l }{(pi)-\ (kir 1 
[piy^ipky'ipi)- 1 

= ( P A;)^) 5 {(j7) £ ,( ? /)(A;/)(p/)(A;/)- 1 ( ? /)- 1 (p/)- 1 }(pA;)- 1 ( F )- 1 . 
If 5 = 1, then 

{{ikY^pky^ipiy'w 
^ ( P k){(jiy, {(<o, (ki)H(ki), (ii)(ki)}( P i){(kiy\ (u)(ki)}} 

(uy'^kiyipiy'ytkYipky'ipzy 1 
= ( P k){(jiy, {ii){ki){pi){kiy\uy\piy l }{ik)\pky\piy l 
= {{{jiy, ( P iy\kiy\pi)(ki)}, {{(pi), (ki)}, {(kiy\ (piyu)} 

{(uy\ {piy\kiy\pi){ki)}}{{pi), (ki)}}{(ik) 5 , (pky 1 }^)- 1 
= {(jiy, (ii){pi){iiy\piy l }{{ik) 5 , (pky^y 1 . 

If 5 = -1, then 

{{ik)\{ P ky l }^y\ 3 iy 
= (pk){(jiy, {(u), (kiy 1 ^)- 1 }^), (uy^ipimkiy 1 , (uy 1 } 

{{iiy\{kiy\iiy 1 }{piy 1 }{ik)\pky\piy l 
= ( P k){(jiy, (ii){ki){pi){kiy l (iiy\piy 1 {iky{pk)-\piy l 
= {(jiy, {uypiyuy^piy 1 }^) 5 , (pky 1 }^)- 1 . 

b) p = j,p = j <i < k <l. 

(piy\ 3 iy(ik) s 
= {jiy\jiy{ik) 5 

= {(jiy^ziy'tiiy^kf^jky 1 }^)- 1 and 

{{ikf^pky^ipiy^jiy 
= umkyuky'Uiy^jiy 
= {jk)(ik) s {jky l {{jiy, diy'ijiy 1 }^)- 1 
= Umk) s {{{ 3 iy, (kiy\ 3 iy 1 }, {(uy\ (kiyjmy'jiy 1 } 

{m-\{kiy\ 3 iy l y 3 ky\ 3 iy l 
^ Uk)(ik) s {(jiy, {kiy l (iiy\jiy l }{jky\jiy\ 
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If 5 = 1, then 

{(iky, (pk)-'}(pi)-\jiy 
= (jk){(jiy, {(ki)-\ (ii)(ki)}{(u)-\ {kiwiy^kfijkr'^r 1 
= mm*, {ki)- l (ii)-\]i)- l }{iky{]k)-\jr)- 1 

= {my, mmr 1 , umywy 1 , m-^iyum)} 

{{3l)-\{kl)}}{jk){ik)\jk)-\ji)-' 
If 5 = -1, then 

{{ik)\{ P ky l }{ P i)-\ 3 iy 
= Uk){(jiy, {(kiy\ w-^iiii)- 1 , {kiy l (ii)- l }{3iy l }{iky{3k)-\3i)-^ 
= (jk){(jiy, {kiy\tiy\3iy l }m\3ky\3ty 1 

= {uiy.m-'uivnm^Uky 1 }^ 1 - 

c ) p>j,j<p<i<k<l. 

(f, g y = (jiy{(tk) 5 ,(pky 1 }(pty 1 -(pkyk)\pky\ P zy 1 (3iy 

= {3iy(vkyk) s (pky\piy l - uiy^mkytpky 1 ^)- 1 

= o. 

2) p <i < k < j <l. 

(f, g ) w = {piy\ 3 iym 5 - {( l k) s ,(pky 1 }( pi y 1 (3iy 
= {3iy{piy\ik) s - (jiy{(ik) s , (pky^y 1 
= o. 

(8) A (7) 

Let / = (y)O'*) -1 - {W-\(ik)(jk)}(ij), g = (jky\kiy - {{kiy^jiy 1 }^)- 1 ^ < 

j < k <l. Then w = (ij)(jk)~ 1 (kiy and 

(f,g) w = (iM(kiy, uir'my 1 - my 1 , ammimy = o 
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since 



= {(kiy, (il)(jl)}}{(jk)-\ (ik)(jk)}(ij) and 

{{jk)-\{ik){jk)}{ij){kiy 
= (jky^iky'tiky'iikXjkykiyiij) 
= {jkr\ikr\jk)-\ik){{kiy, (ji)(ki)}(jk)(ij) 
= (jky^iky'Uky'iwy, (uyu)}, {00, (iiy'ikiy^iiyki)} 

{(ki),(u)(ki)}}(ik)(jk)(ij) 
= Uk)- l ^{{{kiy, uiy 1 }, mm, {kiy\jiy l }{{kiy ( 3 iy 1 }} 

(jky^ikyjkyij) 
= (jky l {{{(kiy, (tiy 1 }, {(jiy\ (kimikiy 1 ^)- 1 }}, 

{(u), {kiy l {iiy l }{{ji), {ki){ii){kiy\uy l }{{ki), (iiy'mky^jky^ikyjkyij) 
= miy, uiy 1 }, (uy'iikiy 1 , uiy'HUiy 1 , (kiy^jiy'miy uiy'm 

{(kiy\ (jiy'nui), (kiy^jiy'Hiki), (jiy'mjky'iiky^jky'iikyjkyij) 

= any, {(jiy\ mmnm- 1 , mmm- 

(8) A (8) 

Let / = (ij)(jk)-{(jk), (ik)(jk)}(ij), g = (jk)(kiy-{(kiy, (jl)(kl)}(jk), i<j<k<l. 
Then w = (ij)(jk)(kl) £ and 

(f,g) w = (ij){(kiy, (jl)(kl)}(jk) - {(jk), (ik)(jk)}(ij)(kl) = 

since 

(tj){(kiy,( 3 i)(ki)}(jk) 

= {(kiy, {(j7), (il)(jl)}(kl)}{jk, (ik)(jk)}(ij) and 
{(jk),(ik)(jk)}(ij)(kl) 

= ( 3 ky l (tky l (jk)(tk)(jk)(km) 

= ( 3 k)- l (lk)- l ( 3 k)(lk){(kl), (jl)(kl)}(jk)(ij) 

= (jky^iky^jk^Uki), (iiykiy, {07), {ii)-\kiy\ii){ki)}{{ki), (u)(ki)}}(ik)(jk)(ij) 

= ( 3 k)- l (iky l {{(ki), (jiykiy, (u){(ji), (ki)}{(ki), (ji)(ki)}}(jk)(ik)(jk)(ij) 

= (jky l {{(ki), (uy 1 }, {oo, (ki)(ii)(kiy l (uy l }{(ki), (uy l }{(ii), (kiy^uy 1 } 

{00' (kl)(il)(kiy l (iiy l }{(kl), (iiy l }}(iky l (jk)(ik)(ik)(ij) 

= am, wr 1 }, am, m^uiy 1 }, m, oo-^ohou m-'uir 1 } 

{(ki),( 3 iy l }}{(3k),(tk)(jkmj) 
= {(kiy, {00, (u)(ji)}(ki)}{jk, (ik)(jk)}(ij). 

(8) A (9) 

Let / = ( l3 )( 3 k)^-{( 3 k)-\ (ik)(jk)}(ij), g = (jk)-\jiy-{{jiy, (kiy\ 3 i)^}( 3 ky\ i < 
j < k < I. Then w = (ij)(jk)~ 1 (jl) £ and 

(f,g) w = (ij)mr, (kiy'uiy'Kjky 1 - {( 3 ky\ (ik)(Jk)}(ij)W = o 
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since 



= {(jiy, (il)( 3 l)(kiy l {( 3 ly\ (il)(jl)}}{(jk)-\ (ik)(jk)}(ij) and 

{(jk)-\(ik)(jk)}(ij)(jly 

= {jk)-\ikr\jk)-\ik){jk){{jiy, (u)(ji)}(ij) 

= (jk)-\tkr\ 3 k)-\tk){{(jiy, (ki)}, (u){(ji), (ki)}}(jk)(ij) 

= (jkr'iiky^jkr'iiiuiy, (ii)-\ki)- l (iiyki)}, {(ki), (u)(ki)}}, m, (uy 

{{07), (tir'ikir'itiyki)}, {(«), (u)(ki)}}}(ik)(jk)(ij) 
= {jk)-\ik)-\{{jiy, (kiy'iji)- 1 }, mm, (kir'uir 1 } 
{(kiyuir^m-^ikyjkm 

= {jkViiiW, (kiyuykiy^uy 1 }, {(kiy\ (uy 1 } 
{(jiy 1 , (kiyuykiy^uy 1 }}, {{uy (kiy^uy 1 } 

{00\ (kl)(il)(kiy 1 (iiy 1 }{(kl), (iiy 1 }}(iky 1 (jky 1 (ik)(jk)(ij) 

= ^^^{(jO 5 ,!^)^)^)' 1 ^ 1 !^)' 1 ^^" 1 !^)^)^)" 1 ^^!^)} 
(iky'tiky^ikyjkyij) 

= {{(jiy, {kiy\ 3 iy 1 }, {{uy uiy'mmy 1 , (jiy 1 } 

(uy'Wy 1 , (jiy'nuiy 1 , (kiy'uiy'miy (jiy^umkiy 1 , (jiy 1 } 
{00 > (kiy l (jiy l }{(ki), (jiy 1 }}(jky 1 (iky 1 (jky 1 (ik)(jk)(ij) 

= {(jiy, (uyjiykiy'iuiy 1 , (iwmmy 1 , mmm. 



(8) A (10) 

Let / = (ij)(jk) - {(jk),(ik)(jk)}(ij), g = 
Then w = (ij)(jk)(jl) £ and 



(jk)( 3 iy-{(jiy,(ki)}(jk), i<j <k<i 



(f,g) w = (iMUiy, (ki)}(jk) - {(jk), (ik)(jk)}(ij)(jiy = 

since 

(i 3 ){( 3 iy, (kl)}(jk) = {(jiy, (il)(jl)(kl)}{(jk), (ik)(jk)}(ij) and 



{( 3 k),(ik)( 3 k)}(i 3 )( 3 iy 
= ( 3 ky\iky\ 3 k){( 3 iy, (u)(ji)(ki)}(ik)(jk)(ij) 
= ( 3 ky\iky l {{( 3 iy, (ki)}(u){(ji), (ki)}{(ki), (ji)(ki)}}(jk)(ik)(jk)(ij) 
= (jky'muiy, (kiyuykiy^uy 1 }, m, ^r 1 }}, m, (kiy^uy 1 } 

{07),(A;/)^)(A;/)- 1 ^)- 1 }{(A;/)(^)- 1 }}(^)- 1 0A;)^)(jA;)( U ') 

= UW, (kiy^jiy 1 }, {(kiy (jiy'KuKUiy (kiy'uiy 1 } 

{(kiyuiy'muky^kyjkMj) 
= {( 3 iy,(ti)( 3 i)(ki)}{( 3 k),(tk)( 3 k)}(z 3 ). 

(8) A (11) 

Let / = (piyiky 1 -^)- 1 , ( P k)(ik)}(pi), g = (iky\jiy-{(jiy, (kiyuykiy^uy 1 }^)- 1 , P < 



32 



i < j < k < I. Then w = (jri)(ik) 1 (jl) £ and 



(f,g) w = (pi){(ji) £ , {kimikiy 1 ^)- 1 }^)- 1 - {(iky 1 , (pk)(ik)}(pi)(jiy = o 

since 

(ptUtiiy^kimikiy 1 ^)- 1 }^)- 1 

= {(jiy, (kl){(il), (piyumkl)- 1 ^)- 1 , { P l){il)}}{{ik)-\ (pk)(ik)}(pi) and 

{{ik)-\(pk){ik)}(pi){jiy 
= (iky'ipky'iiky'ipkKijiy, (uy^kiy^uykimkypi) 
= {zk)-\ P k)-\tk)- l {{{ 3 iy, {pi)-\ki)-\pi){ki)}, {{iiy\ (piy 1 

(kiy'ipiykiMikiy 1 , ( P i)(ki)}{(u), (piy^kiy^piyki^w), ( P i)(ki)}}( P k)(ik)(pi) 
= {ik)-\pk)- l {{{jiy, (kiyuykiy^uy 1 }, {(uy 1 , (kiy 1 ^)- 1 } 

(pir^ikiy 1 , (ur^ipmi), (kiy^uy^ki), m- 1 }^)- 1 ^)^)^) 

= (ikrHiW, (kiKpimr'ipi)- 1 }, {{(piy 1 , (kiy^piy 1 }, 

{(u), (kiypiykir^piy 1 }}^), (kiy^piy 1 }, {(u), (kiypiyuy^piy 1 } 
m^piy'yyupky'iiky'ipkyikypi) 

= {{(jiy, (kiyuykiy^uy 1 }, {(uy\ (kiy^uy 1 } 

{(«), (uy'wy'my 1 , (uy'mu), (kiy^uy'ym), (uy'w) 
{(kiy 1 , (iiy l }{piy l {{kiy\ (uy 1 }^)- 1 , (kiy^uy^w), (tiy 1 } 
(pi){(kiy\ (uy^m, (kiy 1 ^)- 1 }^), (uy^my^kyik)}^) 

= {( 3 iy, (ki){(u), (piyiimiy l {{iiy\ [pi){u)}}{{iky\ (pk)(ik)}(pi). 

(8) A (12) 

Letn / = (pi)(ik)-{(ik), (pk)(ik)}(pi), g = (^)(j7) £ -{(j0 £ , (iiy\kiy\ii)(kl)}(ik), p < 
i < j < k < I. Then w = (pi)(ik)(jl) e and 

(f,g) w = (pi){{jiy, {iiy\kiy\u){ki)}{ik) - {(ik), ( P k)(ik)}( P i)(jiy = o 
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since 



(pi){( ] iy,diy 1 (kiy 1 (ii)(ki)}(ik) 

= {(jlf, (p/)(^)}(A;/)- 1 {(^), (pl)(il)}(kl)}{(ik), (pk)(ik)}(pi) and 

{(ik),(pk)(jk)}( P i)(jiy 

= (^A;)~ 1 (pA;)- 1 (^A;){(J7)^(^/)- 1 (p/)- 1 (A:/)- 1 (p/)(^/)(A;/)}(pA;)(^A;)(p) 

= (iky 1 {pky 1 {{(jif , (uy^kiy^uyki)}, {(uy\ mwy 1 
{(kiy 1 , (u)(ki)}( P i){(ii), (ki)}{(ki), (ii)(ki)}}(ik)( P k)(ik)(pi) 

= (iky l {{( 3 iy, (ki)(pi)(kiy\piy 1 }, {(uy\ (kiypiyuy^piy 1 } 
{(piy\ (kiy\piy 1 }{{kiy\ (piy^uy 1 , (kiypiyny^piy 1 }} 
{(kiy\ (piy l }{di), (ki)(pi)(kiy\pi)- l }{(ki), (piy'ym, (kiy 1 ( P iy 1 } 

{(^),(A;/)(p/)(A;/)- 1 (p/)- 1 }{(A;/),(j9/)- 1 }}(pA;)- 1 (^A;)(pA;)(^)(p) 

= {{Uiy, (kiyuykiy^uy 1 }, {(uy\ (kiy^uy 1 } 
{{(kiy\ (tiy 1 }, mi), (kiy^uy 1 }, {(kiy (uy'W)}} 
{(u), (kiy^uy'yw), (iiy'yyiiky^pky^ikypkyikypi) 

= {( 3 iy, {(ay 1 , (pi)(ii)}{kiy l {{u), ( P i)(u)}(ki)}{(ik), ( P k){ik)}{pi). 

(8) A (13) 

Let / = (pi)(ik) s -{(ik) s , (pk)(ik)}(pi), g = (ik) s (jl) £ -(jl) £ (ik) s . Then w = (pi)(ik) s (jl) £ 
and 

(f,g) w = {pi)W{ik) s - {(ik) 5 , (pk)(ik)}(pi)( 3 iy . 

There are two cases to consider. 

1) p<i<k,j<i<k< I. In this case,there are three subcases to consider, 
(a) p < j,p < j < i < k < I. 

(pOO'OW 

= {( 3 iy,(piy\uy\pi)(ii)}{(ik) 5 1 (pk)(ik)}(pi) and 

{(ik) s ,(pk)(ik)}(pi)(jiy 
= (iky\pky 1 (ik) 5 ( P k)(ik){(jiy, ( P iy l (iiy l (pi)(ii)}(pi) 

= (tfc)- 1 (pfc)- 1 (<fc) , ( P fc){(jO e , (pO _1 {(tf)~\ (ki)}(pi){(u), (ki)}}(ik)(pi) 
= (iky\pky\ik) s {{(jiy, (piy\kiy\pi)(ki)}{(piy\ (kiy 1 } 
{{(uy\ (piy^kiy^piykiy, {(kiy (pmm 
{( P i), (ki)}{{(u), (piy^kiy^piykiy, {(ki), ( P i)(ki)}}(pk)(ik)(pi) 

= (^A;)- 1 (pA;)- 1 (^A;)n(J7)^(p/)- 1 (A;/)- 1 (^/)- 1 (p/)(^/)(A;/)}(J 5 A;)(^A;)(p). 
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If 5 = 1, then 

{(tk) 5 ,(pk)(tk)}( P t)(jiy 
= (iky'ipkr'iuiy, {piy l {{kiy\ {uykim^iy 1 , (ki)}(pi) 
{(u), (ki)}{(ki), (ii)(ki)}}(ik) 5 (pk)dk)(pi) 

= {ik)-\pkr i {{jiy, (pir'iipi), (ti)(ki)}}(tk) 5 (pk)(tk)( P t) 

= m-'iitiiy, {kiypiykiy\piy 1 }, {{ P i)-\ {kiy\ P iy 1 } 
{{( P i), (kiy\piy 1 }, {(u), (kiypiykiy\piy l }{(ki), (piy 1 }}} 
{pky\ik) s {pk){ik){pi) 

= {w, (pir'm, wy\ {uy^m, {kiy^uy 1 } 

{{kl), (ily l }}}(iky l (pky 1 (ik) s (pk)(ik)(pi) 

= {(jiy, {piy'iiiy'ipiyuy^ik) 5 , ( P k)(ik)}(pi). 

If 5 = -1, then 

{(tk) s ,(pk)(tk)}( P t)(jiy 
= {iky\pky l {{ 3 iy, {piy l {{kiy\ {uy^uy 1 , (kiy 1 

{iiy l }{pi){(ii), {kiy\iiy l }{{ki), {uy^^pkyikypi) 
= {(jiy, (piy\iiy\pi)di)}{(ik) s , { P k){ik)}{ P i). 

(b) p = j,p<j<i<k<l. 

(pt)( 3 iym s 

= (ji)(jiy(ik) s = {(jiy, {umm 6 , ™* 

{(ik) 5 , ipk){ik)}ipi){jiy = {iky\jky\ik) 5 {jk){ik){ji){jiy 
= {iky\jky\ik) 5 {jk){ik){{jiy, (u)}(ji) 
= {iky\ 3 ky\ik) s uk){uiy, {(u), (ki)}}(ik)(ji) 
= {iky\jky\ik) 5 {{{jiy, (ki)}{{(u), (jiy\kiy\ji)(ki)}, 

{{ki),{ji){ki)}}}{jk){ik){ji) 
= {tky\jky\tk) s {{jiy, (u)(ki)}(jk)(ik)(ji). 

If 5 = 1, then 

{(tk) s ,( P k)(tk)}(pt)(jiy 
= {iky 1 {jky 1 {{jiy, {(ii), («)}{(«), (ti)(ki)}}(tk) 5 (jk)(tk)(jt) 
= {iky 1 {jky 1 {{jiy, {ii){kmk) 5 tik){ik){ 3 i) 
= {iky'{{{jiy, {kiy^jiy 1 }, m, {ki){ 3 i){kiy\ 3 iy 1 } 

{(ki),(jiy l }}(3ky\iky(jk)(ik)(ji) 
= wr, (jir'my 1 , {uy'muy {kiy^uy 1 } 

m^iy^iiky^ky'iikyukyikyji) 

= {(jiy,mm s ,(jk)m}( 3 i). 
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If 5 = -1, then 

{(tk) 5 ,(pk)(tk)}( P t)(jiy 
= (i*)-^-*)- 1 ^)', {(«), (W)- 1 ^)- 1 }^). («(»)'(;■*)(<*)(;') 
= ^-WW)', (t0(«)}(i*)*O'*)(<*)O«) 
ee {(jO e , («)}{(<*)', (j*)W}(jO- 

(c) p>j,j<p<i<k<l. 

(f,g) w ee (jZ) e (pi)(ifc)*-(jO e {W*,(P*)W}(P<) 

EE 0. 

2) p < i < k < j < I. 

(f,9) w = (Pi)(jl) £ (ik) 6 - {(ik) 5 ,(pk)(ik)}(pi)( 3 iy 

ee (jiy(pi)(ik) 5 - (jiy{(ik) 5 , {pk){ik)}{pi) 

EE 0. 

(9) A (7) 

Let / = (jiy'Uk^-itik)- 1 , {ik)-\jk)-'}{ji)-\ g = {jk)-\kiy-{{kiy, (jiy^jky 1 , 3 < 

i < k < I. Then w = (ji)~ 1 (jk)~ 1 (kl) £ and 

(/, g) w = (jir'wy, ui)- 1 }^)- 1 - {(jk)-\ w ^ o 

since 

Ui)-\{kiy ^jiy^uk)-' 

ee {(kiy, (ur'uir'muk)- 1 , m- 1 ^)- 1 }^)- 1 ^ 

{{3ky\{iky\ 3 k)- l }{ 3 i)-\kiy 
ee (jkXikyjky'iiky'tiky'ikiytii)- 1 

ee (jk)(ik)(jk)~ l (ik)~ l {(kiy , (jiy^Uky^ji)' 1 

ee (^Xi^rH^r, W" 1 }, (j/)" 1 } W'O'*)" 1 ^')" 1 

ee (#)(t*){{(W) e , (j'Z)- 1 }, {(i/)" 1 , {kl)(jl)(kiy\jiy 1 } 

{(jl)-\(kl)-\jl)- 1 }}(jk)-\ik)-\jk)- 1 (ji)- 1 
ee (^){{(A;Z) £ , (iJ)(W)}, (jl)' l {(kiy\ (il){kl)}{(iiy\ (kl)}(jiy l ) 

muky'iiky'Uky'Uiy 1 
ee {{(kiy, um)}, {(«), (j/)- 1 (A:/)- 1 (jO(^)}{(^) ? (jOWHO'O -1 , («)}{(*0 _1 , 

ee {(j/)- 1 , (.Z)- 1 ( J Z)- 1 }}{(jA;)- 1 , !//••) ; (./7,-) '}(.,7, ; . 

(9) A (8) 

let / = {jiy\jk) - {(jk), (iky'Uky'yuiy 1 , g = umiy - my, ummjk), j < 

i < k < I. Then w = (ji)~ 1 (jk)(kl) £ and 

(f,g) w = (jiy'my, (ji)(ki)}( 3 k) - {(jk), (iky^jky^jiy^kiy ee o 
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since 



= {(My, {07), (dy'uiy'wmtik), m-'Uk)- 1 }^)- 1 

ee {(A7) £ , (j^WO-OW'^'O'^fcOlO'^WO'*)^)"^'*)"^')" 1 arid 

{{ 3 k),{ik)~\ 3 ky l }{ 3 iy\kiy 

ee (jfc)(<*)(j*){(*O e , (iO^O'O" 1 }^)" 1 ^*)" 1 ^')" 1 
ee (jk)(ik){{(kiy, (ji)(ki)}, {(iiy 1 , {ji)-\ki)-\ji){ki)} 

{(ji)-\(ki)}}(jk)(iky\jk)-\ji)^ 

ee ( 3 k){{(kiy, (iiyki)}, mm- 1 , mm- l }{mmk)-\jk)-\ji)- 1 

ee {{(kiy, (ji)(ki)}, {{07), («)}, (j'OWHW 1 , (j'O -1 ^)" 1 

(jO(«)}H(«), ummuiy 1 , (kimuk) wo^r 1 ^)- 1 ^)- 1 

ee {(A;/) £ ,0'0(^)(JO(^)" 1 (JO" 1 (^)}(J^)WO'A:)(^)- 1 OA:)- 1 0^)- 1 . 
(9) A (9) 

Let / = ttO-WMO'*) -1 , (i*)- 1 ^)- 1 }^) -1 . 5 = (#)" W-{(j'O e , (fcO-'O'O- 1 }^*)- 1 , i < 

i < k < I. Then iu = O?) -1 \jk) {jl) £ and 

(/,</)« = WW) 8 , {kiy 1 (jiy l }(jky l - {( 3 ky\ ^ky\jky^y\jiy ee o 

since 

{jiy l {{jiy^kiy\jiy'}{jky' 

= {{0'0 £ , (iO-'O'O -1 }, WW)- 1 , (iO-'O'O-^HO'*) -1 , (i*)- 1 ^*)- 1 }^')- 1 
= {0'0 £ , (iiy^jiy^kiy^jiyiiyjiy^iiy^jiy 1 } 

{(j*)" 1 . W'O'*)" 1 }^*)" 1 and 

ee (#)(i*){{(jj) e , (fcz) -1 (j7) -1 }, {(w)- 1 , or 1 } 

{(<0-\(*00'0(*0" 1 0'0" 1 }{0'0"\(*0" 1 0'0" 1 }}0'*)" 1 (i*)" 1 0'*)0'0" 1 
ee (jfc){(jO e , (iOWXj'O-^W 1 , («)(«)} 

{^^.(fcOXjO" 1 }^)^*)" 1 ^)" 1 ^*)^')" 1 
ee {{00 £ , («)}, {{(«)-\ (jz)(«), {(</), OO -1 ^) -1 W)} 

{(«), ummmy 1 , mmi)- 1 , vwmw- 1 , ar^r 1 w)} 

{(jO" 1 ,^)}}^*)^)^*)" 1 ^)" 1 ^*)^')" 1 
ee {00 £ , (tO- 1 0'0" 1 (*0" 1 0'0(«)0'0" 1 («)" 1 0'0" 1 }{0'*)" 1 , (tfc)- 1 ^*)" 1 }^')" 1 - 

(9) A (10) 

Let / = {ji)-\jk) - {(jk), {ik)-\jk)-'}{ji)-\ g = (jk)(jiy - {(jiy, (kl)}(jk),j < % < 
k < l. Then w = {ji)~ 1 {jk)(jl) £ and 

(/, g) w = (jiy'wy, (ki)}(jk) - {(jk), (iky^jky^jiy'uiy ee o 
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since 



{ji)-\{jiy,{ki)}{jk) 

ee {(jiy, {il)-\jl)-\kl)}{{jk\ (ik)~ 1 (jky 1 }(jiy 1 and 

{(jkim-'ukr^uir^jiy 

ee (jk)(ik)(jk){(jiy, {kl)~ 1 (il)~ 1 (jl)~ 1 }(ik)~ 1 (jk)~ 1 (ji)~ 1 

ee (jk)(ik){{(jiy, («)}, {(w)- 1 , (jiXfcOHW 1 , yo-'W'O'OW} 

{(jO- 1 ,^)}}^*)^)- 1 ^*)- 1 ^')- 1 
ee (jfc){(jO e , (fcOXj'O-'X^O'*) W'O'*)" 1 ^')" 1 
= {{(j'0 e , («)}, (irW 1 W)}, {(«), (jO(*0» 

{(jO- 1 ^*/)}}^)^)^*)^)- 1 ^*)" 1 ^')" 1 
= {O'0 e , W'O'O-^^OHO'*), (ifc)- 1 ^*)" 1 }^')" 1 - 

(9) A (11) 

Let / = (ip)- 1 ^)- 1 - {(iA;)" 1 ,^)" 1 ^)" 1 }^)" 1 ^ < p < k, g = (ik)-\jiy - 
{(jl) £ , (kiyiiykl)- 1 ^)- 1 }^)- 1 ^ <j<k<l. Then u? = (ip) -1 ^) -1 ^) 6 and 

= (ip) _1 {(j'O e , (fcoww 1 ^) -1 } w 1 - w 1 , (pkr'm-'uipy'uiy. 

There are three cases to consider. 
1) p < j,i < p < j < k < I. 

(ipr'myAmmr 1 ^)- 1 }^)- 1 

ee {(jiy, («){(<o, (piy\iir l m)^{{ti)-\ (pir'iu)- 1 }} 

(pfc)" 1 ^)" 1 }^)" 1 anrf 

{(ifc)- 1 ,^)- 1 ^)- 1 }^)- 1 ^/) 6 

ee (i^)(pA;)(^)- 1 (pA;)- 1 {0'0 £ ,(^)(^)(^)" 1 (^)" 1 }(^)" 1 (^)" 1 
ee ^(pfcXifc)- 1 ^)-, (A;/)(p/)(A;/)- 1 (p/)- 1 }, {(«), (pi)" 1 }^) 

{{kiy\(piy l }(iiy l }( P ky 1 (iky\ipy 1 
ee ^kypk){{{ 3 iy, (kiyuykir^ii)- 1 }, {(ki), (uy'HWy 1 , (uy 1 } 

, {{pl)-\ (kiyiiykl)- 1 ^)- 1 }^)- 1 , (kl)~ 1 (il)~ 1 }}}(ik)~ 1 (pk)~ 1 {ik)~ 1 (ip)~ 1 
ee (<fc){{O'0 e , (p/)' 1 (A:/)- 1 (p/)(A;/)}, {(«), (pl)(kl)}{{(kiy\ (pl)(kl)}, (iiy 1 
{{kl)~\ {pl){kl)}{{pl)-\ {kl)}{il)- l }}}{pk){ik)-\pk)-\ik)-\ip)^ 

ee {{(jiy, {it)-\ki)-\iiyki)}, {(«), (</)(«)}, 

(ifc) (pfc) (iky 1 (pk)- 1 (ik) - 1 (ip)- 1 

ee {(jiy, (ki){(u), {piy\ti)- l }(kiy l m, (piy^uy 1 }} 
{{iky\{pky\ik)-'}{ipy\ 
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2) p — j,i < p — j < k < I. 

(irf-HO'O'.WWW- 1 ^)- 1 }^)- 1 

= my, (u)-\ki){(u), (jir^ur^ki)- 1 }^)- 1 , (jir'iu)- 1 }} 

{(ik)- 1 ,^)- 1 ^)- 1 }^)- 1 and 

{m-\{pk)-\tk)-^p)-\ 3 iy 
= {(ik)-\(jk)-\ik)- 1 }(ij)- 1 (jiy 
= ammky^jky'dky^ijiy, aiy 1 }^)- 1 
= {ik){jk){iky\jky l {{{jiy, (kiyuykiy'iuy 1 }, 

{(uy'^kiy^iy 1 }}^)- 1 ^)- 1 
= {iky 3 mky l {{w, (kiy^jiy 1 }, (iiy'my^iky'iijy 1 
= (ik)(jk){{(jiy, (kiyuykiy'iuy 1 }, {(kiy\ (uy^my 1 , (mi) 

(kiy\ i iy 1 }{( i iy\(kiy\ i iy 1 }}( i ky\jky\ i ky\ i3 y 1 

= maw, (ki)h {my 1 , umy, umm 

{( 3 iy\(kmiyi}(jk)(tky\jky\zky\tjy 1 
= {{(jiy, (uy^kiy^uyki)}, {(ki), (uyki)}{{(kiy\ («)(**)}, 

{(ji), (uy^kiy'iuykimiki), (</)(«)», {(uy\ (w)H(*0 _1 , (uyki)} 

{(jiy\(uy\kiy\ii)(ki)}}{(iiy\(ki)}}^ 
= {(jiy, (iiy\kmi), ( J 7)- 1 (^)- 1 }(A;/)- 1 {(^)- 1 , uiy 1 ^)- 1 }} 

{(iky'^jky'iiky 1 }^)- 1 . 
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3) p > j,i < j < p < k < I. 



{ipy^WAmmr'm-'my 1 
= {(jiy, {piw){pir\ur\kim), (piy^uy^kiy 1 

m-\ ipir'iiir'mik)- 1 , (pao-w'Kv) -1 and 
{{ik)-\{pky i (ik)- i }{ip)-\jir 

= (ikXpWky'ipky'uijiy, (kiyuykiy^uy 1 }, {( P i), {kiyuykiy^iy 1 } 

{(u), {kiy\uy l }{{piy\ (kiyuykiy^uy'Hiuy 1 , (kiy 1 ^)- 1 }}^)- 1 ^)- 1 
= {ik){pk){iky l {{jiy, {( P i), (kiy\piy l }{(ki), (piy'wmiy 1 , (piy 1 } 

{( P iy\(kiy 1 (piy 1 }(iiy 1 }(pky 1 (iky\i P y 1 
= (ik)(pk){{(jiy, (kiymy 1 ^)- 1 }, {{(u), (kiy^uy 1 }, {(kiy 1 , (uy 1 } 

{( P iy\(ki)(ii)(kiy\iiy 1 }}{(iiy\(kiy 1 ^ 
= (ik){(jiy, {(u), {(kiy\ (piykmiy^kiy 1 , (pi)(ki)}{(piy\ («)}} 

(uy^ip^iiky^pky^iky^ipy 1 
= {{(jiy, (uy^kiy^uyki)}, {{(u), («)}, {{(kiy\ («)(**)}, 

{( P i), (iiy\kiy\iiyki)}{(ki), (ii){ki)}}{(iiy\ {ki)}{{kiy\ (uykiy 

{(pi)" 1 , (^)- 1 (A;/)- 1 (^)(A;/)}}{(^) ! [kl)}}{{zk)-\ {pky\zky l }{z P y l 

= {(jiy, (piyi)(piy\ziy l (kmi), (piy'iuy'Ukiy 1 
{(uy 1 , (piy 1 ^)- 1 }}^)- 1 , (pky^iky 1 }^)- 1 . 

(9) A (12) 

Let / = {i P y\ik)-{{ik), (pky 1 ^)- 1 }^)- 1 ^ < P <k, g = (ik)(jiy-{(jiy, (iiy'ikiy 1 

(il)(kl)}(ik), i<j<k<l. Then w = (ip)" 1 (iA;)(j7) e and 

(f,g) w = (wy'my, (iiy'ikiy'iiiykmk) - {(**), (pAO -1 ^)" 1 }^)" W- 

There are three cases to consider. 
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1) p < j,i < p < j < k < I. 



= iw, m~\ {pi)-\iir i mr i m, [piy^uy^ki)} 

{(iA;),^)- 1 ^)- 1 }^)- 1 and 

{{ikiipky'dky^dpywy 
= (ik)(pk)(ik){(jiy, (ki){(kiy\ {piy'iiiy^ipky^ky^ip)- 1 
= (ik)( P k){{(jiy, (iiy'ikiy'iiiyki)}, {(ki), dmmwy 1 , dm)}, 

{iiy 1 (kiy 1 (il)(kl)}{(il)~ l , (kl)}}}(ik)(pk)~ l {ik)~ l {ipy 1 

= (ik){{(jiy, {piy\kiy\pi){ki)}, m, (pi)(ki)}{{(kiy\ (piyki)}, 

m(pir\m(iir 1 mpmk)(pky\iky i dpy i 

= {{{jiy, {uy\kiy\u){ki)}, {(ki), dmmmy 1 , (uyki)}, {{(u), («)}, 
{(kiy\ (ii)(ki)}{(piy\ diy\kiy l di)(ki)}}{(ki), dm)} 
{diy'dkimndkiipky'dky^dpy 1 

= {(jiy, {diy 1 , (piy'diy'wy'idi), (piy l diy l }(ki)} 
{d^^pky'dky^dpy 1 . 

2) p = j,i < p = j < k < I. 

dpy l {(jiy,dir l (kiy i di)(ki)}dk) 
= djr'm^^y^kiy'dmmk) 
= {(jiy, diy'uiy'diy'ikiy^di), (jiy'diy'w)} 

{dk),{jky 1 dky l }djy l and 

{d^^pky'dky^dpy'W 
= dk)(jk)dk){(jiy, (kiy'uiy'diy^jky'dky'djy 1 
= dk)(jk){{(jiy, diy\kiy i diyki)}, {(kiy 1 , dmmuiy 1 , 

diy\kiy i di){ki)}{diy\{ki)}} x (tAoo'*)" 1 ^)" 1 ^)" 1 
= dmuiy, (kiy, diy l {{kiy\ umwimiy 1 , (kimy 1 } 

{jk)dk){jky 1 dky 1 d J y l 

= mw, dir\kiy\ii){ki)}, {(«), dm)}}, (kimmy 1 , dmn, 
{07), diy\kiy i dm)}{(ki), dmmidi), mauiy 1 , (i/rw 1 

dm)}, {(hi), dim)}}{diy\ (kimdkyjkyikyjky'dky^jiy 1 
= {(jiy, diy'uiy'diy'ikiy^di), uiy'diy'w)} 
m^jky'dky^dj)- 1 . 
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3) p > j,i < j < p < k < I. 



(i P )-Hvi) e M-\u)-\ii)(kmk) 

= {{(jiy, {pi){u){piy\u)-^, {(uy\ (piy^uy^uy 1 

{(u), (piy'iuy^muik), (pky'ijky'Uipy 1 
= {(jiy, (iiy^kiy^u^pimipiy^iiy^ki^iiik), (pky 1 ^)- 1 }^)- 1 and 

{{tk),{pky\tky l }{tpy\ 3 iy 
= (ik)( P k)(ik){(jiy, {(u), {kiy'ipiy^iiiy^ipky'iiky'iipy 1 
ee (ik)(pk){{(jiy , {iiy\kiy\ityki)}, {{(u), (ki)}, {(kiy 1 , (uyki)} 

ee (tk){(jiy, {( P i), (ki)}(ii){(piy\ {kiyiiiy^ipkyikypky'iiky'iipy 1 
ee {{(jiy, (ity\kiy\iiyki)}, {{(pi), {uy\kiy\uyki)}, {(ki), (u)(ki)}} 
{(u), (ki)}{{(piy\ {uy\kiy\uyki)}, {(ki), (uykimauy 1 , («)}} 

(ik) (pk) (ik) (pk)' 1 (iky 1 (i P y l 

ee {( 3 iy, (iiy^kiy^iiypiyu^iy^iiy^kim^k), (pky^iky 1 }^)- 1 . 

(9) A (13) 

Let / = (ip)- l (ik) 5 - {(ik) s , (pky^ik)" 1 }^)' 1 , g = (ik) s (jl) £ - (jl) £ (ik) s , j <i<p< 
k < I or % <p < k < j < I. Then w = (ipy l (ik) 5 (jl) £ and 

(f,g) w = (tpr'wm 5 - {(tky^pky^iky'Utpy^jiy. 

ee (jiy{m s , (pky'^ky 1 }^)' 1 - ( 3 iy{m s , (pky\iky l }(ipy l 

EE 0. 

(10) A (7) 

Let / = ( 3 i)(3k)- 1 - {(jk)~\ (ik)}(ji), g = (jk)-\klf - {(kl) £ , ( 3 iy l }( 3 ky\ j<i< 
k < I. Then w = (ji)(jky l (kl) e and 

(/, 9) w = (ji){(kiy, (jl)- l }(jky l - {(jk)-\ (ik)}(ji)(kiy ee 

since 

(m(kiy, (jiy^jky 1 ee {(kiy, (uy'uiy^umuky 1 , (ik)}(ji) and 
{(jk)-\(ik)}( 3 i)(kiy 

ee (iky 1 (jk)~ l (ik)(kl) £ (ji) 

ee (tky l ( 3 ky l {(kiy,(u)(ki)}(tk)( 3 t) 

ee (iky 1 {{(kiy , (jiy 1 }, {(uy (kiyjiykiy^jiy^w), (jiy^mky^km 
ee {{(kiy, w 1 }, (jiy l {(kiy\ (uy^m, (kiy'^iy 1 } 

{(kl), (il)~ 1 }}(iky 1 (jky 1 (ik)(ji) 

ee {(kiy^uy^jiy^iMUky 1 ,^)}^). 
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(10) A (8) 

Let / = (ji)(jk) - {(jk),(ik)}(ji), g = (jk)(kiy - {(kiy,(jl)(kl)}(jk),j <i<k<l. 
Then w = (ji)(jk)(kl) £ and 

(f,g) w = (ji)my, um)}(jk) - {(jk), (ik)}(ji)(kiy = o 

since 

(Mikiy, ui)(ki)}(jk) = {(kiy, {ii)-\mm)}{m, (<*)}o«) 

{m,(ik)}(ji)(kiy 
= {ik)- l uk){{kiy,{iiyki)}{iky 3 i) 

= (iky'iiikiy, (jiyki)}, {(u), ( 3 iy\kiy\jiyki)}{(ki), (ji)(ki)}}(jk)(ik)(ji) 
= {{(kiy, (u)- 1 }, (ji){(u), (kiy^uy^ki), (ti)- l }}^k)-\ 3 k)^ky 3 i) 
= {(kiy, (ii)-\ji){u){ki)}{{jk), (ik)}{ji). 

(10) A (9) 

Let / = (mk)- 1 - {(jk)-\ (ik)}(ji), g = (jk)-\jiy - {( 3 iy, (kiy^iy^ijk)- 1 , j < 

i < k < l. Then w = (ji)(jky l (jiy and 

u\g) w = muiy, (kir i (ji)- i }(jk)-' - {{jk)-\ (ik)}(ji)(jiy = o 

since 

(M(jiy,(kir\jir}(jkyi 

= {( 3 iy, (iiykiy^uy'tiiy'iiimtik)- 1 , mW) «™i 

{(jky\(ik)}(ji)(jiy 

= (iky\jky\ik){(jiy,(ii)}m 

= (iky\jky\(jiy,{(ir),(ki)}}(ik)(]i) 

= m-\{( 3 iy,(kiy\jiy^,{(kiy\(jiy^ 

{(n), (ki)( 3 i)(kiy\ 3 iy i }{(ki), m^m^mui) 

= {(jiy^ikiy 1 ,^)- 1 }^)- 1 ^)- 1 ,^)- 1 } 

{(ii), (kiy\iiy l }{(kt), (iiy'}}(iky\ 3 ky\zk)(ri 
= {(jiy, (iiykiy^iiy'uiy'iiimuky 1 , (ik)}(ji). 

(10) A (10) 

Let / = (ji)(jk) - {(jk), (ik)}(ji),g = (jk)(jiy - {(jl) £ , (kl)}(jk),j <i<k<l. Then 
w = (ji)(jk)(jl) £ and 

(f,g) w = (ji){(jiy, (kl)}(jk) - {(jk), (ik)}(ji)(jiy = 
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since 



Ui){(jiy,(ki)}(jk) 

= {(jiy,(il)(kl)}{(jk),(ik)}(ji) and 

{(jk),(ik)}(ji)(jiy 
= (ikr\ 3 k){( 3 iy } {(zi) } (ki)}}(ik)( 3 i) 

= (iky'iiuiy, (hi)}, {{(«), ui)-\ki)-\jiyki)}, {(kiy (ji)(ki)}}}(jk)(ik)(ji) 
= {(jiy, {(ii), (kir^ir'Hiki), (iiy^iiky^kyikyji) 
= {( 3 iy,(ti)(ki)}{(jk),(tk)}(jt). 

(10) A (11) 

Let / = (ipXik)- 1 - {{iky 1 , (pk)}(ip),g = (ik)~\jiy - {(jiy, (kl)(il)(kiy 1 
[iiy^iiky 1 ,i < p < k,i < j < k < I. Then w = {ip){iky l (jl) £ and 

(f,g) w = (ip){(jiy, (kiyi)(kiy\iiy l yiky l - {(iky 1 , ( P k)}(i P )(jiy. 

There are three cases to consider. 

1) p < j,i < p < j < k < I. 

{ipyijiy^kiyiykiy^iy 1 }^)- 1 
= {(jiy, (ki){(u), (piyikiy'm- 1 , (pi)}}{(iky\ ( P k)}(i P ) and 

{{iky\ipk)}{ip){jiy 
= (pky'itky^uiy, ( P iy 1 (kiy 1 (pi)(ki)}(pky P ) 
= { P k)- l {{uiy, (kiyiykiy 1 ^)- 1 }, {{ P iy\ (kiyuykiy^uy 1 } 

{(kiy 1 , (uy^ipi), (kiymy 1 ^)- 1 }^), (uy^iky^kyip) 
ee {{(jiy, (ki)( P i)(kiy 1 ( P iy 1 }, {{(kiy 1 , (piy^uy 1 ^)- 1 , (piy 1 } 

{( P i), (kiy 1 ( P iy 1 }}{(ki), (piy^pky^iky^pkyip) 
ee {( 3 iy, (kiy(ii), (pimkiy'uuy 1 , (pimmy 1 , (pk)}(i P ). 

2) p = j,i <p = j < k <l. 

(tpyuiy^kiyiykiy 1 ^)- 1 }^)- 1 
= (iMuiy^kiyuykiy^iiy 1 }^)- 1 

ee {(jiy, (ii)(ji)(ki){(ii), (ji^kiy'm- 1 , (jimmy 1 , (jk)}(ij) and 
{(iky'^pkMpyjiy = (jky'^ky^jkymy 

ee (jky'm^mm^mjmj) 

ee ( 3 ky\tky\{(jiy, (kiy, (u){(jiy 

= W-'iiW, (kiyuykiy^uy 1 }, m, (uy l }{(ny (kiy 1 ^)- 1 } 

{{(ji), (kiyiykiy'^y 1 }, {(ki), (nymmy'Umj) 
ee {{(jiy, (kiy\jiyy, {(uy {(kiy 1 , (jiy'Uiiy'wy 1 , (jiy 1 }} 

{(ji), (kiy^jiy'mi), (jiy'ymy^iky^ikyij) 

ee {( 3 iy, (u)(ji)(ki){(ii), (jimiy^aiy 1 , uimmy 1 , (mm 
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3) p > j,i < j < p < k < I. 



(ipmjiydmmr 1 ^)- 1 }^)- 1 

= {(jiy, (ii)-\pi)- l {ii){pi){ki){{ii), {pi)}{kiy l 

{(ii)-\(pl)}}{(ik)-\(pk)}(ip) and 

{(ik)-\(pk)}(i P )(jiy 

= {pk)-\ik)-\pk){{]iy, (ur^pir'mpmp) 

= (pky^iky'Kjiy, (iiy l {(piy\ (kimu){( P i), («)}}d*)(v) 
= (pky'iwy, (kiyuykiy'iuy 1 }, {(uy\ (kiy^uy^iipiy 1 , 

(kiyuykiy^uy 1 }, m, m^mm, (kiy\ 3 iy l }{{( P i), (kiyu) 

(kiy 1 ^)- 1 }, {(«), (uy 1 }}} iiky\pk){ip) 
= {W, (iiy'iwy 1 , (kiy\ P iy 1 }, {(«), (piy'mw, {(kiy\ (piy 1 } 

(uy'HKpi), (kiy'ipiy 1 }, m, (p/)- 1 }}}^)- 1 (ifcr'Wfa) 

= {(j*) e , (^)- 1 (p/)- 1 (^)(p/)(A;/){(^), (p/)}(A;/)- 1 {(^)- 1 ! (pOMM -1 , (pk)}(ip). 
(10) A (12) 

Let/ = (ip)(iA;)-{(iA;),(pfc)}(ip), g = {ik)(jl) e - {{jl) e , (i/)~ 1 (A;/)" 1 (i/)(A;/)}(iA;), i < p < 
k,i < j < k < I. Then w = (ip)(ik)(jl) £ and 

= (*p){0'0 £ , (iO- 1 ^)" 1 ^)^)}^*) - {(<*), (p*0X*p)O'0 £ - 

There are three cases to consider. 
1) p < j,i < p < j < k < I. 

{ip){Uiy,(iiy\kiy\iiyki)}(ik) 
= {(jiy, {(uy 1 , (piytkiy'm, (pi)}(ki)}{(ik), (pk)}(i P ) and 

{(ik),( P k)}(ip)(jiy 
= ( P ky\ik){(jiy, {piy\kiy\pi){ki)}{pk){ip) 
= (pky'auiy, (uy'ikiy^uyki)}, {{ P iy\ {uy\kiy\uyki)} 

{{kiy\ (ii)(ki)}{( P i), diy\kiy l (ii){ki)}{{ki), (u)(ki)}}(ik)( P k)(ip) 
= {{(jiy, {ki){piykiy\piy 1 }, {{{uy\ (piy 1 }, (u){( P i), (kiy^piy 1 }} 

m^piy^ijky'iikypkyip) 
= {(jiy, {(uy 1 , (pimiy'm, ( P i)}(ki)}{(ik), ( P k)}(i P ). 
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2) p — j,i < p — j < k < I. 



{ip){{jiy,(iiy\kiy l (ii){ki)}{ik) 

= aw, mm m~\ mwr'm, mwmm, mm 

= {(jiy, {kl)-\jl)- l (il){ 3 l){kl)}{ 3 k)-\ik){ 3 k){i 3 ) and 



{(ik),(pk)}(ip)(jiy 
= { 3 ky\iky 3 k){i 3 y 3 iy 

= Ukr'miUiy, (kl)(il){(jl), (kl)}}(jk)(ij) 

= (jky l {{( 3 iy, (ii)-\kiy\iiyki)}, {(ki), (uyuym, (kiy 

{{(ji), {iiy\kiy\iiyki)}, {(ki), (u)(ki)}}}(ik)(jk)(ij) 
= {{(jiy, (kiy'uiy 1 }, (u){(ji), (kiy\ 3 iyy{(ki), m^m^miim) 
= {(jiy, (kiy\ 3 iy\uy 3 i)(ki)}( 3 ky\tky\ 3 k)( i3 ). 

3) p > j,i < j < p < k < I. 

(ipKUiy^iiy^kiy'iuykmk) 
= {{(jiy, {iiy\piy\ii){pi)}, {(uy 1 , (pi^kiy^u), ( P i)}(ki)}{(ik), ( P k)}(i P ) 
= {(jiy,(iiy\kiy 1 ipiy\ii)i P i)(ki)}ipky 1 (ik){ P k){ip) and 



{(ik),(pk)}(i P )(jiy 
= [pky\ik){{jiy , (uy^ipiy 1 , (ki)}(u){(pi), (ki)}}(pk)(i P ) 
= (pky\{{jiy, (iiy\kiy l (ii){ki)}, {(uy 1 , (kiy 

{{( P iy\ (uy^kiy^uyki)}, {(«), (uykiyym, (kiy 

{{( P i), (iiy l (kiy l (ii)(kiy, {(ki), (u)(ki)}}}(ik)(pk)(i P ) 
= {(jiy, (iiy l {(kiy\ ( P iyy{( P iy\ (kiy\ P iyy(ii) 

{( P i), (kiy 1 (piy 1 }{(ki), (piy l }}(pky l (ik)(pk)(ip) 
= {(jiy, (uy\kiy\piy\ii)(pi)(ki)}(pky l (ik)(pk)(ip). 

(10) A (13) 

Let / = (ip)(ik) 5 - {(ik) 5 , (pk)}(ip), g = (ik) 5 ( 3 iy - ( 3 l) £ (tk) s , j <i<p<k<l,or,i< 
p < k < j < I. Then w = (ip)(ik) s (jl) £ and 

(f,g) w = (ip)( 3 iy(iky-{(ik) 5 ,(pky(ip)( 3 iy 
= ( 3 iy(ip)(ik) s -( 3 iy{(xk) 5 ,(pk)}(ip) 
= o. 

(11) A (7) 

Let / = (pq)-\jk)-' - {(jk)~\ (qk)(pk)(qky\pky 1 }(pqy\ g = (jk)-\uy - {(kiy, 
(3iy l }(jky l , p < j < q < k <l. Then w = (pq)' 1 (j k)" 1 (kl) £ and 

(f,g) w = (pqy'wy, ( 3 iy l }( 3 ky l - {( 3 ky\ (qk)(pk)(qky 1 (pky 1 }(p q y l (kiy = o 
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since 



= {(kiy, {ql){pr){ql)~\pir l }}{m-\ (qk)(pk)(qky 1 (pky 1 }(p q y 1 and 

{{jk)-\{qk)(pk){ q k)-\pk)- 1 }(pq)- 1 {kiy 
= (pk)(qk)(pkr\qkr\jkr\qk)(pk)(qkr\pk)-\kiy(pq)- 1 

= (pkyqkypkr\qkr\jk)-\qkypky q kr 1 {(kiy,(pi^ 

= {pk){qk){pk)-\qk)-\jk)-\qk){pk){{{kiy , (ql)' 1 }, (pi)- 1 }^)" 1 ^)- 1 ^)- 1 
= (pk)(qk)(pk)~ 1 (qk)~ 1 (jky 1 (qk){{(kl) £ , (pl)(kl)}, {(ql)~\ (piy 1 (kl)' 1 (pi) (kl)} 

{(piy l ,(ki)}}(pk)( q ky 1 (pky 1 (p q y 1 
= {pk){qk){pky\ q ky\jky l {{{kiy, (qiyuy, (pi){( q iy\ (ki)wy 1 } 

(qk)(pk)(qky 1 (pky 1 (pqy 1 

= {pk){qk){pky\qky\{{{kiy, uiy 1 }, {( q i), (kiyjiykiy^jiy 1 } 

{{kiy uiy 1 }}, (pi){{( q iy\ (mmy^jiy 1 }, m, uiy'ywy 1 } 

{jky\qk){pk){qky\pky\p q y l 
= {pk){qk){pky\{{kiy, (qiy 1 }, (jiy'm, {(kiy 1 , (qiy 1 } 

{(qiy\(kiy\qiy 1 }{(ki),( q iy 1 }}(piy 1 }( q ky\ 
= (pk)(qk){{(kiy, (piy 1 }, {( q iy\ (ki)(pi)(kiy 1 ( P iy 1 }{( ] iy 1 , (ki)( P i) 

{kiy l (piy l }{{ q i), {ki){pi){kiy\piy l }{{pi), (kiy^piy^qiy 1 , (kiy P i) 

(kiy\piy 1 }{pio~\(kiy\piy 1 }}(pky\qky\ 3 ky\qkyp^ 
= ( P k){{(kiy, (qiykiy, {(jiy 1 , {( q i), («)}{(«), ( q iyki)}(pi)}{(kiy\ (qiykiy 

{( g /)-\(A;/)}(j 5 /)- 1 }(gA;)(pA;)- 1 (gA;)' 1 (jA;)- 1 (gA;)(pA;)(gA;)- 1 (pA;)" 1 ( M )- 1 

= {{(kiy, (piykiy, {{(jiy 1 , (piy\kiy\ P iyki)}, {( q i), ( P iy\kiy 1 (pi)(ki)} 
{(«), (pi)(ki)}{(pi), (ki)}{(kiy\ (piykimiqiy 1 , (piy\kiy\piyki)} 

{(pi)" 1 , {kl)}{{jk)-\ {qk){pk){qky\pk)- l }{pqy l 

= {(kiy, {(jiy 1 , (qiypiyqiy^piy'muky 1 , (qk)(pk)( q ky 1 (pky 1 }(p q y 1 . 

(11) A (8) 

Let / = (pqy 1 (jk)-{( 3 k), (qk)(pk)(qk)-\pky 1 }(pqy\ g = ( 3 k)(kiy -{(kiy , (jl)(kl)}(jk), p < 
j < q < k < I. Then w = (pq)~ 1 (jk)(kl) £ and 

(f,9) w = (pqy'Wy, (jl)(kl)}(jk) - {(jk), (qk)(pk)(qk)- 1 (pky 1 }(pqy 1 (kiy = 
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since 



(pqr'mYAjmmk) 

= {(kiy, {(jl), (ql)(pl)(ql)-\piy 1 }(kl)}{(jk), (qk)(pk)(qky 1 (pky 1 }(pq)- 1 and 

{(^),(^)(p^)(^)- i (p^)- i }(p?)- i (^) £ 

= (pk)(qk)(pk)~ 1 (qk)~ 1 (jk){(kiy, {ql){kl){pl){{ql)-\ (k^piy 1 } 

(qk)( P k)(qk)-\pky\ P q)- 1 
= {pk){qk){pk)-\qk)- l {{{kir, (jl)(kl)}, {(ql), (^(kiy^jiykl)} 

{(ki), (jimwmiqi)- 1 , ui)-\ki)-\ 3 i){ki)}{{ki), (jiwmtpi)- 1 } 

(jk) (qk) (pk) {qkY 1 (pky l (pqY l 
= {pk){qk)(pk)- l {{{klY, (ql)- 1 }, (jl){(pl), {(ki)' 1 , (qir'Uiqir 1 , (kl)' 1 
( g /)- 1 }}{(A;/) ) (g/)" 1 }(p/)- 1 }(gA;)- 1 (jA;)(gA;)(pA;)(gA;)- 1 (pA;)- 1 ( W )- 1 

= ( P k)(qk){{(kiy, (pi)- 1 }, {( q i)-\ (kiypiykir^pi)- 1 }^), (kiypiyuy 1 

(pl)- l }{(ql), (kl)(pl)(kl)' 1 (piy 1 }{(kl), (piy^pl), (kiy^piy^qiy 1 , (kl)(pl) 

(kiy i (piy i }{(piy i ,(kiy i (piy i }}(pky 1 ^ 

= (pk){{(klf, (ql)(kl)}, {(jl), {(ql), (kl)}{(kl), (ql)(kl)}(pl)}{(ql)-\ (kl)}(pl)^ 1 } 
(qk)(pkY 1 (qky 1 (]k)(qk)(pk)(qky 1 (pk)- 1 (pq)- 1 

= {{(kiy, (piykiy, {{(ji), (piy\kiy 1 (pi)(ki)}, {( q i), ( P iy 1 (kiy 1 ( P i)(ki)} 
{(ki), ( P i)(ki)}{(pi), (ki)}{(kiy\ (pi)(ki)}{( q iy\ (piy\kiy 1 (pi)(ki)}} 

{(kl), (pl)(kl)}{(pl)-\ (kl)}}{(jk), (qk)(pk)(qk)- 1 (pky 1 }(pqy 1 

= {(kiy, {(ji), (qi)(pi)(qiy\piy l }(ki)}{(jk), (qk)(pk)( q ky 1 (pky 1 }(p q y 1 . 

(11) A (9) 

Let / = (pq)- 1 (3ky 1 -{( 3 k)- 1 , (qk)(pk)(qky 1 (pky 1 }(pq)- 1 , g = (jk)-\jiy -{(jl)' , (kiy 1 
Oiy 1 }(jky 1 i p < j < q < k <l. Then w = (pqy 1 (jky 1 (jl) e and 

(f,g) w = (pqy l {(jiy, (kiy'tiiy'Ujky'-Ujky 1 , (qk)(pk)( q ky 1 (pky 1 }(p q y 1 ( ] iy = o 
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since 



= {(jiy, {qi){pi){qi)-\pir l {ki)- l {{ji)-\ { q i){ P i){ q iy\ P iy 1 }} 

{(jk)' 1 , {qk){ P k){qk)-\ P kY l }{ P q)- 1 and 
{m-\(qk)(vk)(qky\vk)- l }(vqy l W 

= (pfc)(^)(p^)- 1 (?A;)- 1 (^)- 1 (^)(p^)(^)- 1 (p^)- 1 {(iO £ ,(?0(pO(?0" 1 (pO" 1 }(p?)" 1 

= (pA;)(gA;)(pA;)- 1 (gA;)- 1 (JA;)- 1 (gA;)(pA;)(gA;)-H{(JO^(^)(pO(^0" 1 (pO" 1 } ) 

{( q i), {ki){pi){kiy\piy'}{{ P i), (kiy\piy l }{{qiy\ (kiypiyuy^iy 1 } 
{(piy'^kiy'ipiy^ypky^pqy 1 
= {pk){ q k){pky\qky\jky\qk){pk){{jiy, {( P i), {(kiy 1 , (qiy 1 } 

{(qiy\m~\qir l }wy l }(qky\pk)-\pqy i 

= (pk)(qk)(pky\qky\jky\qk){{(jiy, (piy 1 (kiy 1 (pi)(kiy, {{( P i), (kiy, 

{(kiy 1 , ( P i)(ki)}{(qiy\ {piy\kiy\pi){ki)}}{{piy\ (kiy}(pk)( q ky 1 (pky 1 (p q y 1 
= ipkyq^ipky'iqky'Uky^uiy, {( q i), (ki)}(pi){( q iy\ mypiy 1 } 

(qk) (pk) (qk)~ x (pk)" 1 (pqy 1 

= {pk){qk){pky\qky l {{{jiy, (kiy^jiy 1 }, {{( q i), (kiyjiykiy^jiy 1 }, 

{(hi (jiy'ywmiqiy 1 , (mmy^jiy 1 }, m, uiy^wy 1 } 

(jky'iqkypkyqky'ipky'ipqy 1 
= {pk){qk){pky\{jiy, {(kiy 1 , (qiy'yuiy'im, (kiy^qiy 1 }, 
{(«), wr^wnwr 1 , (kiy^qiy 1 }, m, (qiy^wy 1 } 

(qky\ 3 ky\qkypky q ky\pky\pqy l 
= ( P k)(qk){{(jiy, (kiypiykiy^piy 1 }, {( q i), (ki)(pi)(kiy 1 ( P iy 1 } 
{(kiy 1 , (piy l }{(qiy\ {kiypiykiy\piy l }{uiy\ (ki)(pi)(kiy 1 (piy 1 } 
{( q i), (kiypiykiy^piy'Hipi), (kiy 1 ( P iy 1 }{( q iy 1 , (kiypiykiy^piy 1 } 
{(piy\(kiy\piy l }},(pky\qky\jky\qkypky q ky\pky\pqy l 

= (pk){(jiy, {(ql), (kl)}{(kl), (ql)(kl)}(pl){(kl), (ql)(kl)}{(jiy\ {(ql), (kl)} 
{(kl), (ql)(kl)}(pl)}{(kiy\ (ql)(kl)}{(qiy\ (k^piy 1 } 
{qk){pky 1 {qky 1 {jky\qk){pk){qky 1 {pky 1 {pqy 1 

= {{(jiy, {piy\ki)-\pi){ki)}, {{( P i), (kiy, {(kiy 1 , (pi)(ki)}{( q iy\ ( P iy 1 (kiy 1 
( P i)(ki)}}{(ki), (pi)(ki)}{{(jiy\ (piy^kiy^piykiy, {{( P i), (kiy, {(kiy 1 , (piyuy 
{(qiy 1 , (piy^kiy^piykiympiy 1 , (ki)}{(jky\ (qk)(pk)( q ky 1 (pky 1 }(p q y 1 

= {{( 3 iy, (qiypiyqiy^piy^kiy'm- 1 , (qiypiyqiy^piy 1 }} 

{(3ky 1 ,(qk)(pk)(qky 1 (pky 1 }(pq)- 1 . 
(11) A (10) 

Let / = (pqy'm-Ujk), (qkypkyqky^pk)- 1 }^)- 1 , g = (jk) (jiy -{(jiy, (kl)}(jk), p < 
j < q < k < I. Then w = (pqy 1 (ik)(jiy and 

(f,g) w = (pqy'Wy, (ki)}(jk) - {(jk), (qk)(pk)(qky 1 (pky 1 }(p q y 1 ( ] iy = o 
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since 



{ pq )-\Uiy,{ki)}{jk) 

= {(jiy, (ql)(pl)(qir l (pir l (kl)}{(jk), (qk)(pk)(qk)-\pk)- l }(pq)- 1 and 

{m^q^ipkyqky'ipky^ipqy^jiy 

= (pk)(qk)(pkr\qky\jk){(jiy, {(ql), (kl)} (pi) {(qiy 1 , mwy 1 } 

(qkypkyqky\pky\pqy l 
= {pk){qk){pky\ q ky l {{{jiy, (kiy, {{( q i), (jiy l (kiy\ji)(ki)}, {(ki), (ji)(ki)}}( P i) 

{{( q iy\ (jiy\kiy\ji)(ki)}, {(ki), {ji){ki)}{piy l }{jk){ q k){pk){qky\pky\p q y\ 
= (pkyqkypky'iuiy, {(«), (qiy'nm, (kiy\ q iy 1 }, m, (qiy'yw) 

{{{qiy\{kiy\qiy 1 }{{ki),{ q iy 1 }}{piy^ 
= (pk)( q k){{(jiy, (kiy P iykiy\piy 1 }, {( q i), {kiy P iykiy\piy l }{{ki), (piy 1 } 

{( P i), (kiy'ipiy'Hiqiy 1 , {ki){piykiy\piy l }{{piy\ (kiy\ P iy 1 }} 

(pky^qky'Ukyqkypkyqky^pky^pqy 1 
= (pk){(jiy, {( q i), (ki)}{(ki), (qm)}{pi){{qiy l , (kiytpiy 1 } 

{qk){pky l {qky\jk){qk){pk){qky l {pky\pqy 1 

= {{(jiy, {piy\ki)'\pi){ki)}, {( q i), {piy\kiy\pi){ki)}{{ki), (piykiy 
{( P i), (ki)}{(kiy\ (pi)(ki)}{( q iy\ (piy\kiy\piyki)}{(ki), (piykiy 

{(pi)" 1 , (kl)}}{(jk), {qk){pk){qk)-\pky l }{pqy l 

= {(jiy, (qi)(pi)(qiy\piy\ki)}{( 3 k), (qkypkyqky^pky 1 }^)- 1 . 

(11) A (11) 

Let / = (pg) _1 (i/c) l -{(iky l , (qk)(pk)(qky l (pky l }(pqy 1 ,p < i < q < k,g = (iky 1 (jl) £ - 

{(jiy, (kiyuykiy^uy^liky 1 ^ <j<k<i. Then w = (pqy^iky^jiy and 

(f,g) w = (pqy'wy, (ki) (uykiy 1 (uy 1 }^)- 1 -^- 1 , (qkypkyqky^pky^pqy'uiy. 

There are three cases to consider. 
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1) q < j,p < i < q < j < k < I. 



{pq^iijiy^mmr 1 ^)- 1 }^)- 1 

ee {(jlf, (kl){(kl)-\ (qimiQir'ipl)- 1 }}} 
{(ik)' 1 , {q^ipk^qky'ipky^ipq)- 1 and 

{(^)- 1 ,(gA;)(pA;)(gA;)- 1 (pA;)- 1 }( M )- 1 (j7) £ 

ee ( P k)( q k)( P ky\ q ky\iky\qk)( P k)( q ky l {w 

ipky'ipq)- 1 

ee { P k){ q k)( P ky\ q ky\iky\ q k)( P k){{( 3 iy , {ki){ q i){kiy\qiy 1 }, {(ki), (qiy 1 } 

{pi){{kiy\{qiy 1 }{piy 1 }{qky\ P ky l { m y l 
ee { P k){ q k){ P ky\ q ky\iky\ q k){{{jif, ( P iy\kiy\ P i)(ki)}, {(ki), ( P i)(ki)} 

{{(kiy\ (pi)(ki)}, {(qiy 1 , (piy\kiy\pi)(ki)}{(piy\ («)}}} 

{pk)( q ky l (pky 1 {pciy 1 
ee {pk){ q k){pky\ q ky\iky l {{{jiy, (qiy 1 (kiy 1 ( q i) (kiy, {(ki), ( q i)(kiy 

{{(kiy 1 , ( q i)(ki)}, (pi){(qiy\ {ki)}{piy 1 }}{ q kypky q ky\pky\p q y 1 
ee {pk){ q k){pky\ q ky l {{{jiy, (kiyiykiy^iy 1 }, {(ki), (uy'Hwy 1 , 

(uy 1 }, {( q i), (kiyiykiy 1 ^)- 1 }^), (uy'wmkiy 1 , (uy^qiy 1 , (ki)(u) 

(A;/)- 1 (^/)- 1 }{(A;/),^)- 1 }(p/)- 1 }}^)- 1 (gA;)(pA;)(gA;)- 1 (pA;)- 1 ( M )- 1 

ee (pkyqkypky^iuiy, (kiyqiykiy^qiy 1 }, {(ki), (qiy'Hwy 1 , (qiy 1 }, 
(uy^ikiy 1 , (qiy'Hiqi), (kiy^qiy'ym, (qiy'ypiy^iy 1 , (qiy^qiy 1 , 

(A;/)" 1 (g/)- 1 }{(A;/),(g/)- 1 }(p/)- 1 }(gA;)- 1 ^)- 1 (gA;)(pA;)(gA;)- 1 (pA;)- 1 ( M )- 1 

ee ( P k)( q k){{(jiy, (ki)(pi)(kiy\piy 1 }, {(ki), (piy'HKkiy 1 , (piy 1 }, 
{(qiy 1 , (kiypiykiy'ipiy^iy 1 , (kiy P i)(kiy\ P iy l }{( q i), (ki)( P i) 
(kiy\piy l }{( P i), (kiy'ipiy'Hiqiy 1 , (kiy P iykiy\ P iy 1 } 

{( P /)-\(A;/)- 1 (p/)- 1 }}}(pA;)- 1 (gA;)- 1 (^)- 1 (gA;)(pA;)(gA;)- 1 (pA;)- 1 ( M )- 1 

ee (pk){{( 3 iy, ( q iy\kiy\ q iyki)}, {(ki), ( q i)(jd)}{{(ki)-\ ( q i)(ki)}, {(uy\ 
{( q i), (ki)}{(ki), ( q i)(ki)}( P i)}{(kiy\ ( q i)(ki)}{( q iy\ (kiyipiy 1 }} 
( q kypky\ q ky 1 (iky\ q kypky q ky\pky 1 (p q y 1 

ee {{(jiy, {piy\kiy\pi){kiy, {(ki), ( P i)(ki)}{{(kiy\ ( P i)(ki)}, my 1 , 
{piy\kiy\pi){ki)}, {( q i), {piy\kiy\pi){ki)}{{ki), ( P i)(ki)}{( P i), (kiy 
{(kiy 1 , (pmmiqiy 1 , (piy^kiy^piykiyntpiy 1 , («)}}} 
{(iky 1 ,(qk)(pk)(qky 1 (pky\pqy 1 } 

ee {(jiy, (kiyikiy 1 , {(uy 1 , (qiypiyqiy^piy 1 }}} 
{{iky'.mipk^qky'ipky^ipqy 1 . 
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2) q — j,p < i < q —< j < k < I. 



(pqr'wydmmr'iiir'mr 1 
= aw, (pir 1 }, (kimkir 1 , {(n)-\ {ji){pi){jiy\pi)- 1 }}} 

{(ik)-\ {jk){ P k){3k)-\ P kr l }{ PJ )- 1 and 

{{iky\{ q k)(pk){ q ky\pk)- 1 }( Pq )-\ 3 iy 
= {{ik)-\ {3k)(pk){jk)- l (pk)- l }(pj)-\jiy 

= (pk)Uk)(pky\ 3 k)-\ik)-\ ] k)(pk)( 3 k)- 1 ^^ 

{(pi)-\{kiy l (pi)- 1 }}(pk)- l (pj)- 1 
= {pk){jk){pky\jk)-\iky\jk){pk){{{jiy, (kiy'uiy 1 }, (piy 1 } 

(jky'ipky^pjy 1 

= {pk){jk){pky\jky\iky\jk){{{jiy , ( P iy\kiy\pi)(ki)}, {(kiy 1 , (pi) 

(^}{(iO"\(pO" 1 (^" 1 (pO(^}{(pO"\(^}}(p^)(^)" 1 (p^)" 1 (pi)" 1 
= (pkyjkypky'Uky'^ky'nuiy, (kiy, {piy l {{kiy\ (ji)(ki)}( P i) 

{(jiy 1 ,(ki)}(piy 1 }(jk)(pk)(jky 1 (pky 1 (p 3 y 1 

= (pky 3 kypky\jky l {{(jiy, (kiyiykiy'^iy 1 }, {(«), {uy'wy 1 

{{(kiy 1 , (il)' 1 }, {(j7), (kiyiykiy 1 ^)- 1 }^), ^)- 1 }}(p/){{(j7)- 1 , (kl) 

{iiykiy\uy l },{{ki),{uy l }}{piy 1 }^ 
= {pk)Ukypky l {{{ 3 iy, (kiy'uiy 1 }, {(ki), (jiy'HWy 1 , (jiy 1 }, (uy 1 
{(kiy 1 , (jiy'HUi), (kiy\ 3 iy'}{(ki), (jiy'WMikiy 1 , (jiy'HUiy 1 , 

(A;/)- 1 ( J 7)- 1 }{(A;/),( J 7)- 1 }(p/)- 1 }( J A;)- 1 (^)" 1 ( J A;)(pA;)(jA;)- 1 (pA;)- 1 (pjO- 1 

= (pk)Uk){{( 3 iy, (kiypiykiy'ipiy 1 }, {{(kiy 1 , (piy 1 }, {{jiy\ (kiypiyuy 1 

(p/)- 1 }{^)- 1 ,(A;/)(p/)(A;/)- 1 (p/)- 1 }{(j7),(A;/)(p/)(A;/)- 1 (p/)- 1 } 

{( P i), (kiy'ipiy'ynuiy 1 , {ki){pi){kiy\ P iy l }{{piy\ (kiy^piy 1 }} 

(pky 1 (jky 1 (iky 1 (jk)(pk)(jky 1 (pky 1 (p J y 1 
= (pk){{(jiy, (kiy, {{(kiy 1 , (jiyki)}, {(uy\ m, («)}{(«), um)W)} 

{(kiy 1 , 00(^)}}{(i0 _1 , (ki)}(piy 1 }(jk)(pky 1 (jky 1 (iky 1 

(jkypkyjky'ipky'ipjy 1 
= aw, (piy\kiy\ P i)(ki)}, {(ki), (pi)(ki)}{{(kiy\ ( P i)(kiy, m, (piy^uy 1 

(pi)(ki)}{(ki), (pi)(ki)}{{(uy\ (piyki)(piy\kiy 1 }, {(ji), (piy 1 (kiy 1 ( P i) (kiy 

{(ki), ( P i)(ki)}{(pi), (ki)}}{{(kiy\ ( P i)(ki)}, {07), (piy\kiy\pi)(ki)} 

{(ki), (pi)(ki)}}}{{( 3 i), (piy 1 (kiy 1 ( P i)(ki)}, {(ki), ( P i)(ki)}} 

{(piy 1 , (ki)}}{(tky\ (jkypkyjky^pky^pjy 1 

= {my, (pir 1 }, (kimkiy 1 , {(ay 1 , (jimuiy^piy 1 }}} 

{(iky l ,( 3 k)(pk)( 3 ky l (pky l }(p 3 y l . 
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3) q>j,p<i<j<q<k<l. 



{pq^iijif^mmr 1 ^)- 1 }^)- 1 
= aw, (qimipiy'iqi)- 1 }, (ki){(u), (qimiqir'ipir'wy 1 

(ql)(pl)(qiy 1 (piy 1 }}{(iky 1 , (qk)(pk)(qky 1 (pky 1 }(p q y 1 and 

{(iky 1 ,(qk)(pk)(qky 1 (pky 1 }(p q y 1 ( 3 iy 
= (vk)(qk)( P k)-\qky\iky\ q k)( P k)( q k)-\ P ^ 

{( q i), {ki){ v i){kiy\ P ir l }{{ P i), {ki)-\ P iy l }{{ q iy\ (kiypiyuy^piy 1 ) 
{(piyMkiy'ipiy^ipky'ipqy 1 

ee {pk){qk){pky\qky\ik)-\qk){pk){{jl)^ {(ql), (kl)' 1 (qiy 1 } {(kl) , (ql)' 1 } 

ipi){{kiy l , (qiy 1 } {(qiy 1 , (kiy 1 (qiy 1 }(piy 1 }(qky 1 (pky 1 (pqy 1 

= (pA;)(gA;)(j 5 A;)- 1 (gA;)- 1 (^A;)- 1 (gA;){{(j7) £ ,(p/)- 1 (A;/)- 1 (p/)(A;/)}, 

{(90, ( P iy\kiy\pl)(kl)}m), (pl)(kl)}{(pl), (kl)}{(kl)-\ (pl)(kl)} 

{(qi)- 1 , { P iy\kiy\ P i){ki)}{{ P iy\ (ki)}}(pk)( q ky\pky 1 (p q y 1 
= (pk^qk^pky'iqky'iiky'Kjir, {( q i), (kiy ( P i) {(qiy 1 , (uyipiy 1 } 

( q k) ( P k) ( q ky 1 ( P ky l ( Pq y l 
= { P k){ q k){ P ky\ q ky l {{{ji)\ {ki){ii){kiy l diy 1 }, {{( q i), (kiyuykiy^uy 1 }, 

{(H), (iiy'ywKKqiy 1 , (kiyuykiy^uy 1 }, m, (uy^wy 1 } 

(iky 1 (qk) (pk) (qk)- 1 ^)' 1 ^)- 1 

= (pk)(qk)(pky l {(jiy, {(ki), ( q iy l }(ii){(kiy l , (qiy^iy'^kiy 1 , (qiy 1 } 
{( q i), (kiy^qiy^ki), ( q iy l }( P i){(kiy\ ( q iy'}{( q iy\ (kiy 1 ( q iy 1 } 

{(kl), (g/)- 1 }^)- 1 }^)" 1 ^)^)^)^)- 1 ^)- 1 ^)- 1 

= ( P k)(qk){{( 3 iy, (ki)( P i)(kiy\ P iy 1 }, {{(u), (ki)( P i)(kiy\ P iy 1 }, 
{( q i), (ki)( P i)(kiy\ P iy l }{(kiy\ ( P iy l }{( q iy\ (ki)( P i)(kiy\ P iy 1 }} 
{(uy 1 , (w)( P i)(«)- 1 (pi)" 1 }{(?0, (ki)( P i)(kiy\ P iy l }{( P i), (kiy^piy 1 } 
{(qiy 1 , (kiypmy^piy 1 }^)' 1 , (kiy 1 ( P iy 1 }} 
(pk)- 1 (qky 1 (ik) (qk) (pk) (qky l (pky\p q y l 

= ( P k){(jiy, {(it), {{(kiy 1 , ( q i)(ki)}, (piy l {(kiy\ ( q i)(ki)}{( q iy\ (ki)}}} 
diy l {(qi), (ki)H(pi), {(kiy 1 , (qmmuqiy 1 , (ki^piy 1 } 

(qk)(pk)(qky 1 (ik)(qk)(pk)(qky 1 (pky 1 (pqy 1 

= {{(j'0 £ , (piy l (kiy 1 (pi)(kiy, {{(u), (piy^kiy^piyu)}, {{(kiy 1 , ( P i)(kiy, 
{( q i), (piy^kiy^piykiy^ki), (pi)(ki)}{(piy\ (ki)}{(kiy\ ( P i)(ki)} 
{( q iy\ (piy^kiy^piyki)}}}^)- 1 , (piy 1 (kiy 1 (pi)(ki)}{( q i), (piy 1 
(kiy^piykiy^ki), ( P i)(ki)}{( P i), (ki)}{(kiy\ (pi)(ki)}{(qiy\ (piy 1 

(kiy^pimnm- 1 , («)»{ m- 1 , www 1 ^)- 1 }^)- 1 
= «0'0 £ , (qwyqiy^piy 1 }, («){(«), (qwm-^piy'my 1 

{(^)- 1 ,(g/)(p/)(g/)- 1 (p/)- 1 }}{(^)- 1 ,(gA;)(pA;)(gA;)- 1 (pA;)- 1 }( M )- 1 . 



53 



(11) A (12) 

Let/ = (pq) 1 (ik) — {(ik) , (qk)(pk)(qk) 1 {pk) Y }(pq) 1 ,p < i < q < k,g = (ik)(jl) £ — 
{(jiy, (iiy 1 (kiy 1 (il)(kl)}(ik),i <j<k<l. Then w = (pq)-Hik)(jl) £ and 

(f,g) w = (pqr'mr, (io-w^o^ox**) - (^(pA;)^)- 1 ^)- 1 }^)- 1 ^/)^. 

There are three cases to consider. 
1) q < j,p < i < q < j < k < I. 

{p q y l {{ 3 iy,{tiy\kiy\ti){kmk) 
= {(jiy, {(kiy\ {(u), (qiypiyqir'ipi)- 1 }}^)} 

{(ik), (qk)(pk)(qky l (pky 1 }(pq)- 1 and 

{m^qkypkyqky'ipky'Hpqy'uiy 
= (pkyqkypky\qky\ik){( 3 iy , (ki){(kiy\ (qi)(ki)(pi)(kiy 1 (qiy l (ki)(piy 1 }} 

(qkypkyqky\pky\pqy l 
ee {pk){qk){pky\ q ky l {{{jiy, (iiy'^iy'aiyu)}, {(ki), (u)(ki)} 

{{(kiy 1 , (iiyki)}, {( q i), diy\kiy\iiyki)}{(ki), (u)(ki)}(pi) 

{(kiy 1 , (u)(ki)}{( q iy\ {iiy\kiy\iiyki)}{{ki), ^ykiytpiy 1 }} 

(tkyqkypkyqky'ipky'ipqy 1 
ee (pkyqkypky'auiy, (kiyqiyuy^qiy 1 }, {(ki), (qiy'Hwy 1 , (qiy 1 }, 

(ii){( q i), {kiy\qiy l }{{ki), {qiy l }{pi){{kiy\ ( q iy l }{{ q iy\ {kiy\ q iy 1 } 

{(H), {qiy 1 }{piy 1 }}{qk)-\ik){qk){pk){qky\pky\pqy 1 

ee (pk)(qk){{(jiy, (ki)(piykiy\piy 1 }, {(ki), (piy'mkiy 1 , (piy 1 }, 
{(qiy 1 , (kiypiykiy'ipiy 1 }^), (kiypiyny^piy 1 }^), (ki)( P i) 
(kiy\piy l }{(ki), (piy l }{(pi), {kiy\piy l }{{ q iy l , (kiypiykiy^piy 1 } 

{( P /)"\(A;/)- 1 (p/)- 1 }}}(pA;)- 1 (gA:)- 1 ( ? A;)(gA;)(pA;)(gA;)- 1 (pA;)- 1 ( W )- 1 

ee (pk){{( 3 iy, (qiy\kiy\qiyki)}, {(ki), (qiykimakiy 1 , ( q i)(ki)}, {(u), 
{( q i), (ki)}{(ki), {qi){ki)}{pi)}{{ q iy\ (kowy 1 }} 

(qk)(pky 1 (qky 1 (ik)(qk)(pk)(qky 1 (pky 1 (pqy 1 

ee {{(jiy, (piy\kiy\pi)(ki)}, {(ki), (pi)(ki)}{{(kiy\ ( P i)(ki)}, {{(u), (piy 1 
(kiy^piyny, {( g i), (piy 1 (kiy 1 (pi)(H)}{(ki), ( P i){ki)}{{ P i), (kiy 
{(kiy 1 , (pi)(H)}{(qiy l , (piy l (Hy 1 (pi)(H)}}{(H), (piyny 

{(pi)" 1 , (kl)}}}{(ik), (qk)(pk)(qky 1 (pky 1 }(pqy 1 

ee {( 3 iy, {(kiy 1 , {(u), (qiypiyqiy^piy'mkiy 

{(ik),(qk)(pk)(qky l (pk)- 1 }(pqy 1 . 
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2) q — j,p<i<q — j<k<l. 



{ Pq y\{3iy,(ii)-\kiy\ii){ki)}{ik) 

= aw, (pir 1 }, mr\ {jwwvipir'wvm, 

(j7)- 1 (p/)~ 1 }(A;/)}{( ? A;),(jA;)(j 5 A;)(jA;)- 1 (pA;)- 1 }(pjr 1 and 

{(^.(^(pfe)^)- 1 ^)- 1 }^)-^? 

= W(^)(pA;)- 1 (^)- 1 (iA;){07) £ , {kl){pl)~ l {(kl)~ l , {jl){kl)}{pl){{jl)-\ («)} 
(pi)- 1 }^)^*)^)- 1 ^)- 1 ^)" 1 

= (pkjo-fcjo*)- 1 ^)- 1 ^?. (ii)" 1 ^)" 1 ^)^)}- {(*'), («)(*0}(p0 -1 

{{(W)" 1 , (</)(«)}, {00, W 1 (A;/)- 1 ^)(A;/)}{(A;/), (iZ)(A7)}}(pZ){{07)~\ (^Z)- 1 

{07), (fcO^O'O-'HW, (^(pOWO'Q- 1 , (h)- 1 (jZ)- 1 }{(^z), or 1 }} 
(pi)- 1 }^*)- 1 ^)^*)^)^*)" 1 ^)" 1 ^')" 1 
= (P*)(j*){{0'0 e , (feOWW 1 ^)- 1 }, {{(*0~\ W 1 }, {(j'O -1 , (*0(pO 

(A;Z)' 1 (pZ)- 1 }{(^Z),(A;Z)(pZ)(A;Z)- 1 (pZ)- 1 }{(j7),(A;Z)(pZ)(A;Z)- 1 (pZ)- 1 } 
{(«), (pO _1 }{(pO, W'W^HO"')" 1 . (A;Z)(pZ)(A;Z)- 1 (pZ)- 1 }{(pZ)- 1 , 

= (pfc){{(jO e , («)}, {{(*0 _1 , (j'0(«)}, {(«), {O'O, («)}{(«), (ji)(«)}(p«)}} 

{O'0"\(*o}(^)" 1 }0'*)(?*)" 1 0'*)" 1 wo'*)(p*)0'*)" 1 (p*)" 1 (pjr 1 

= {{(jiy, (pl)-\kl)-\pl)(kl)}, {{{kl)~\ (pl)(kl)}, {(j7), (pZ)- 1 (A;Z)- 1 (pZ)(A;Z)} 
{{(«), (pZ)' 1 (A;Z)- 1 (pZ)(A;Z)}, {07), {pl)-\kiy\pl){kl)}{{kl), (pl)(kl)} 

{( P i), (ki)}{(ki)-\ (pimmHui)- 1 , {pir\ki)-\pi){ki)}{{ki), ( P i)(ki)} 

{(pi)" 1 , (W)}}{(**), (jAOWO"*)" 1 ^)" 1 }^)" 1 

= {{ 0'0 £ , W 1 }, {(<0 _1 , (jOWO'O -1 ^)- 1 }^)- 1 

{(<z),O-0(^)O'0-V)- 1 }(*0}{(<*),O'*)(p*)O'*)- 1 (p*)- 1 }(pj)- 1 - 
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3) q>j,p<i<j<q<k<l. 



{pqy^ijiysir^iy^mWk) 

= my, {iiy\ q i){ P i){ q ir\ P ir i m), mvmr'ipiy 1 }, («)» 

= (pA;)(gA;)(pA;)- 1 (gA;)- 1 ^){(j7) £ {(g/), (W)}(pl) 

{{ q iy\{ki)}{piy l }{ q k){pk){ q ky\pky\p q y^ 
= {pk)( q k)(pky\ q ky l {{w, {iiy\kiy\u){ki)}, {{( q i), (uy^kiy 1 

(il)(kl)}, {(«), ( ? /)(A;/)}}(p/){{(g/)- 1 , (iO-^fcO" 1 ^)^)}, {(«), («)(«)}} 

(pin^wdAiwv)- 1 ^)" 1 
= wwwho'O', (ny'wy 1 , (qiy'mw), (w) -1 ^) -1 } 

(^)- 1 (^)( ? A;)(p^)( 9 A;)- 1 (pA;)- 1 (p 9 )- 1 
= (pfc)(gfc){{0'O e , (^(plX**) -1 ^) -1 }, {(iJ)"\ (^(plX*/) -1 ^)" 1 } 

{{(H)- 1 , (piy 1 }, {( q iy\ {ki){pi){kiy\piy^}m, (kiypiykiy^iy 1 } 
{( q i), {ki){pi){kiy\piy l }{{ki), {piy l }{{{qiy\ {kiypiykiy\piy 1 }, 
{(piy\(kiy\piy 1 }}}(pky\qky\ i k)(qk)(pk)(qky\pky 1 (p q y 1 
= ( P k){(jiy, {{(kiy\ ( q i)(ki)}, (piy l {(kiy\ (qi)(ki)}{(qiy\ (ki)}(u)}{( q i), 
(ki)}{(ki), (qi)(ki)}{{( q iy\ (kiy, (piy'mq^ipky'iqky^ik) 

(qk) (pk) (qky 1 (pky 1 (pq) _1 

= {{(jiy, {piy\kiy\pi){kiy, {{{kiy\ (piykiy, {{( P iy\ (kiy, 
{(kiy 1 , (pi)(ki)}{( q iy\ (piy\kiy\piyki)}}m, ( P iy\kiy\ P iyki)}} 
{( q i), (piy\kiy\piyki)}{{ki), (pi)(ki)}{{( q iy\ {piy\kiy\piykiy, 
{(«), {pi){ki)}{{piy\ (ki)}}}{(ik), (qkypkyqky'ipky'ypqy 1 

= {(jiy, (iiy\ q iypiy q iy\piy\kiy l {{ti), {qwyqiy'ipiy'W)} 
{m^qkypkyqky'ipky'ypqy 1 . 

(11) A (13) 

Let / = (pq)- l (ik) 5 - {(ik) 5 ,{qk)(pk)(qky l {pky l }(pqy 1 , g = {ik) & (]l) £ - {]l) £ {ik) 5 . 
Then w = (pq , )~ 1 (i/c) <5 (iO £ and 

(f,g) w = (pqy'wm 6 - {(tk) S , {qk){pk)(qky\pky l }(pqy\ 3 iy . 

There are two cases to consider. 

1) p < i < q < k, j < i < k < I. In this case, there are three subcases to consider. 
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a) p<j,p<j<i<q<k<l. 
(pq)-\jiy(ik) S 

= {(jlf, (qlKplKqir'ipir'Hm 5 , (qk)(pk)(qky 1 (pky 1 }(pqy 1 and 
{{ik)\{qk)(pk){qk)- 1 (pk)- 1 }(pq)-\jiy 

(qir'ipir'yipq)- 1 

= {pk){qk){pk)-\qky\iky{{]ir, {(ql), (kl)}(pl){(ql)-\ (kl)}(pl) L } 
(qk)(pkyqk)-\pk)-\ 



If 5 = 1, then 

{(ik) 5 ,(qkypky q ky\pk)- l }(pqy\jiy 
= {pk){qk){pk)-\ q ky l {{]iy, {{(qi), (iiy 1 (kiy 1 (iiykiy , {(ki), dm)}} 

{{( q iy\ diy\kiy\iiyki)}, {(ki), mkowy^ky^kypkyqky^pky 1 
= (pk)(qk)(pky l {(jiy, {{( q i), {kiy\ q iy 1 }, {(ki), { q iy l }}{{ q iy\ (kiy 1 

( g /)' 1 }J(A;/),(g/)- 1 }(p/)- 1 }}(gA;)- 1 (^) 5 (gA;)(pA;)(gA;)- 1 (pA;)- 1 ( M )- 1 

= (pk)(qk){{( 3 iy, {kiypiykiy\piy 1 }, {( q i), (ki)(pi)(kiy 1 ( P iy 1 } 
{( P i), (kiy^piy'niqiy 1 , (kiypiykiy^piy'Hipiy 1 , (kiy\ P iy 1 } 

(pky 1 (qky 1 (ik) 5 (qk)(pk)(qky 1 (pky 1 (pqy 1 

= (pk){(jiy, {( P i), my 1 , (qi)(ki)}{( q iy\ (kiywy 1 } 

{(ik) 5 ,(qk)(pk)(qk)- 1 }(pky 1 (pqy 1 

= {{(jiy, (piy\kiy\pi){ki)}, {{(pi), (kiy, {(kiy 1 , (pi)(ki)}{( q iy\ 

(p/)- 1 (A;/)- 1 (p/)(A;/)}}{(j 5 /)-\(A;/)}}{(^A;)^(gA;)(pA;)(gA;)- 1 (pA;)- 1 }(pg)- 1 

= {(jiy, (qiKpiyqiy^piy'Hm 5 , (qk)(pk)( q ky 1 (pky 1 }(p q y 1 . 

If 5 = -1, then 

{(ik) S ,(qk)(pk)(qk)- 1 (pky 1 }(pqy 1 ( 3 iy 

= (pk)(qk)( P ky l (qky 1 {( 3 iy, {{( q i), (kiyiykiy 1 ^)- 1 }, {(ki), diy 1 }} 
{(qiy\ (kiyiykiy 1 ^)- 1 }, {(ki), (iiy 1 }(piy 1 }}dk)\ q k)(pk)( q ky 1 (pky 1 

= (pk)(qk)(pk)- l (qky 1 {(jiy, {(ql), (kl)}{(qiy\ (kl)(piy 1 }} 
(ik) 5 (qk)(pk)(qky 1 (pky 1 (pq)- 1 

= {(jiy, (qi)(pi)( q iy l (piy l }{m s , (qkypkyqky^ky 1 }^)- 1 . 
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b) p — j,P — j < i < q < k <l. 

{pqr\jiym 5 = {jq)-\jirm s 
= my, (qir'uir'Hm 6 , mmiqkr^jk)- 1 }^)- 1 and 

{(^) 5 ,(^)(p^)(^)- 1 (p^)- 1 }(pg)- 1 (i0 £ 

= {(ik) 5 , {qk){jk){qk)-\jk)-'}{jq)-\jlY 

= (JA;)(gA;)( J A;)- 1 (gA;)- 1 (^A;) ^ (gA;)(JA;)(gA;)- 1 ( J A;)-H(J7)^(g/)- 1 (J7)- 1 }( J g)- 1 

{(?0"\(*00'0(*0" 1 0'0" 1 }{0'0" 1 .(*0" 1 0'0" 1 }}0'*)" 1 0'9)" 1 

= {jk){qk){jk)-\qk)-\ik) 5 {qk){jk){{jir, {(kl)' 1 , (qiy 1 } 

{(ql)-\(kl)-\ql)- 1 }(jl)- 1 }(qk)-\jk)- 1 (jq)- 1 
= Uk)(qk)tik)-\qk)-\ik)'(qk){{(jlY, («)}, {(A;/)' 1 , (jJ)(W)} 

{(?0-\0'0- 1 (*0- 1 0'0(*0}{0'0-S(*0}}0'*)(9*)- 1 0'*)- 1 0'?)- 1 

= (jfc)(gA;)0-fc)- 1 (gfc)- 1 (<Ar)*{0-O e , faO -1 , (*0}0'0 -1 } 
{qk){jk){qk)-\3k)-\3q)-\ 

If <J = 1, then 

{(^) 5 ,(gA;)(pA;)(gA;)- 1 (pA;)- 1 }( M )- 1 (j7) £ 

= (j^X^r^rHO'O 6 , {(*0 _1 , (a)(«)H(?i) _1 . (iO" 1 ^)" 1 ^)^)} 

{(A;/),(^)(A;/)}(j7)- 1 }^) 5 (gA;)(jA;)(gA;)- 1 (jA;)- 1 (jg)- 1 

= (j*)(?*)O'*) -1 {O'0 e , {(*0~\ (?0 _1 }{(90~\ (w)" 1 ^)" 1 } 

{(&0> (Q^)~ 1 }(j^)~ 1 }( ( lk)~ 1 (ik) 5 (qk)(jk)(qk)~ 1 (jk)~ 1 (jq)~ 1 
= (jk)(qk){{(jiy, (kir'Ul)- 1 }, {(ql)-\ (kl)Umy\ 3 l)- 1 } 

{(jl)-\(kl)-\jl)- 1 }}(jk)-\qk)-\ik)\qk)(jk)(q^ 
= (jk){(jiy, {(kl)-\ (ql)(kl)}{(ql)-\ (kl)}(jl)- 1 } 

(qkyjkr^qky'iikYiqkyjkyqky^jky'Uq)- 1 
= {{(jiy, («)}, mr 1 , (ji)(ki)}{( q i)-\ ( 3 i)-\kiy\ji)(ki)} 

(kl)}}{(ik) 5 , (qkyjkyqkr^jky'Ujq)- 1 

= {(jiy, (qiy'ui)- 1 }^) 5 , (qkyjkyqky'Ukr^Uq)- 1 . 

If 5 = -1, then 

{(^) 5 ,(^)(pfc)(^)- 1 (^)- 1 }(p ? )- 1 07) £ 

= mmm-'iqky'iw, m- 1 , w^ym- 1 , (fcoww 1 ^)- 1 } 

{(A7), (H)~ 1 }(jl)~ 1 }(ik) 5 (qk)(jk)(qk)~ 1 (jk)~ 1 (jq)~ 1 
= {Jk){qk){jkr\ q k)- l {{jl)\ {kl)-\ql)-\kl){jl)-'} 
m s {qk){jk){qkr\ 3 kr\ja)- 1 

= my, (qiy'uir'Hm 6 , (?*o w(?*o- 
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c ) p>j,j<p<i<q<k<l. 

(f,g) w = (jinm^iqk^pk^qky'ipkr'Upq)- 1 

-(jirmY^q^ipkXqkr'ipk)- 1 }^)- 1 

= 0. 

2) i<k<j<l,p<i<q<k, then p<i<q<k<j<l. 

(f,g) w = (pqr'Uiym 6 - {(ik) s , {qk){pk){ q k)-\pky l }(p q y\ 3 iy 

= (jinpqy'm 5 - uinm 5 , (^mo^)- 1 ^)- 1 }^)- 1 

= 0. 

(12) A (7) 

Let / = (pq)(jk) 1 -{{jk) \ (pk) 1 (qk) l {pk)(qk)}(pq), p < j < q < k, g = (jk) 1 (kl) e - 
{(kl) £ , (jly l }(jk)~ l , j < k < I. Then p < j < q < k <l, w = (pq)(jk)' 1 (kl) £ and 

(f,g) w = (pq)Wy, (jiy'Ujky 1 - {( 3 ky\ {pky\ q ky\pk){qk)}{p q ){kiy = o 



59 



since 



= {(kiy, {pl)-\ql)-\pl){ql)}}{{jk)-\ (pk)-\qk)-\pk)( q k)}(pq) and 

{Uk)-\(vk)~\qky\pk)(qk)}(pq)(kiy 
= {qk)-\pk)-\qk){pk){jk)-\pk)-\qk)-\pk){qk){klf{pq) 
= ( g A;)- 1 (pA;)- 1 (gA;)(pA;)(jA;)- 1 (pA;)- 1 (gA;)- 1 (pA;){(A;/) £ ,(g/)(A;/)}(gA;)( W ) 
= (qkr'ipkr'iqkypkyjkr'ipkr'iqkr'iUkiy, (pl)(kl)}, {(ql), (pi)- 1 

(«)- 1 (pi)(«)}{(«),(pi)(«)}}( P fc)(( Z fc)(p g ) 

= (qky^pky^qkypkyjky^pky'uikiy, (qiy 1 }, (pi){( q i), (kiy l ( q iy 1 } 

{(ki),( q iy 1 }}(qky l (pk)( q k)(pq) 
= (qky'ipky^qkypkyjky'nikiy, (piy 1 }, {{(pi), (kiy^iy 1 }, 

{(g/),(A;/)(p/)(A;/)- 1 (p/)- 1 }}{(A;/),(g/)- 1 }}(pA;)- 1 (gA;)- 1 (pA;)(gA;)( M ) 

= {qky\pky\qk){pk){{{kiy, (jiy'wy'iipi), {(kiy'uiy 1 } 

{( g /),(A;/)(j7)(A;/)- 1 (j7)- 1 }{(A;/),(j7)- 1 }}}(jA;)- 1 (pA;)- 1 (gA;)- 1 (pA;)(gA;)( W ) 

= {qky\pky\qk){{{kiy, (piyki)}, {(jiy 1 , (piy 1 (kiy 1 ( P i) (kiy 
{(piy 1 , (ki)}{{(pi), (ki)}{{( q i), (piy\kiy\piyki)}, {(ki), W)}}» 

(pk) (jky 1 (pky l (qky l (pk) (qk) (pq) 

= {qky\pky i {{{kiy, (qiyki)}, ipmy'ipiy'iipi), m, (kiy 

{(ki),(qiyki)}}}(qkypkyjky\pky\qky\qkyqkypq) 
= (qky'nikiy, (piy 1 }, {( q i), {ki){pi){kiy\ P iy l }{{ki), (piy 1 } 

{( P i), {kiy l (piy l }{{jiy\ {ki)(pi){kiy l (piy l }{(piy\ (kiy^iy 1 } 

{{( P i), (kiy^piy 1 }, {( q i), (ki)(pi)(kiy l ( P iy 1 }{(ki), (piy 1 }}} 

(pk) -1 (qk) (pk) (jk)~ l (pk)~ l (qk)~ l (pk) (qk) (pq) 

^ {{(kiy, (piy'}, {(jiy 1 , {{(qiy 1 , (kiy^qiy 1 }, {(«), (qiy'W)}} 

{(kiy 1 , (qiy'mqi), (kiy\qiy l }{(ki), (qiy'^my 1 , (pky\qky 1 (pk)( q k)}(pq) 
= {(kiy, {(jiy 1 , (piy^qiy^piyqiymjk)- 1 , (pky l ( q ky 1 (pk)( q k)}(pq). 

(12) A (8) 

Let / = (pq)(jk)-{(jky\ (pky\qky\pk)(qk)}(pq), g = (j k) (kiy - {(kiy , (jl)(kl)}(jk), p < 
j < q < k < I. Then w = (pq)(jk)(kl) £ and 

(f,9) w = (pq){(kl) £ , (jl)(kl)}(jk) - {(jk), (pky 1 (qky 1 (pk)(qk)}(pq)(kiy = 
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since 



(pq){(kiy,(jl)(kl)}(jk) 
= {(kiy, {jl), (pi)- 1 (gZ)- 1 (pi)(?0}(*0}{0'*), (pk)-\qk)-\ P k){qk)}{ P q) and 

{mAvk)-\qk)-\ P k)(qk)}( V q)(kiy 

= {qk)-\ P k)-\qk){ P k)Uk){{kiy, ipiy'iipi), m'\qm)mvkr\qkr\ P kyqky P q) 

= (qk)-\ P k)-\ q ky P k){{(kiy, (ji)(ki)}, ( P iy'{( P i), {(kiy 1 , (jiyki)} 

{( g /),( J 7)- 1 (A;/)- 1 (j7)(A;/)}{(A;/),(j7)(A;/)}}}(jA;)(pA;)- 1 (gA;)" 1 (pA;)(gA;)( W ) 
= {qk)-\ P k)~\qk){{{kiy, (pl)(kl)}, {(jl), { P l)-\kl)'\ P l){kl)} 

{(ki), { P i){ki)}{{ P i)-\ (ki)}{{(pi), («)}, {(kiy 1 , (pi)(ki)}{(qi), ( P iy\kiy\ P m)} 

{(A:/),(p/)(A;/)}}}(pA;)(A;/)(pA;)- 1 (gA;)- 1 (pA;)(gA;)( W ) 

= (qky'ipky'uikiy, ( P i)(kiy, (pimipiy'wy 1 , (ki)}(pi){( q i), (ki)} 

{(kl), {ql){kl)}}{qk)( P k)(jk)( P ky l (qky l ( P k)(qk)( P q) 

= (qky i {{(kiy , (piy 1 }, {m, (kiypmr'^r 1 }, wr 1 , (kiy'ipiy 1 } 

{(kiy 1 , (piy'uiqiy 1 , (ki)( P i)(kiy\ P iy l }}{(ki), ( P iy l }{( P i), (kiy^piy 1 } 
{{ q i)Aki){pi){kiy\ P iy 1 }{{ki),{ P iy 1 }}^^ 
= {{(kiy, (qiy'nui), (piy'^kiy 1 , (qiy^qiy 1 , (kiy^qiy 1 } 

{(kl), (qiy'WMiql), (kiy l (qiy l }{(kl), (qiy^HUk), ( P ky l (qky l ( P k)(qk)}( P q) 

= {(kiy, {(ji), (piy^qiy^piyqimimtik), (pky^qky^kyqk)}^). 

(12) A (9) 

Let / = (pqyjk)' 1 - {(jk)' 1 , ( P ky\qk)-\ P k)(qk)}( P q), g = (jk)~\jiy - {(jl)*, (kl)' 1 
(jiy 1 }(jky 1 , p < j < q < k <l. Then w = ( P q)(iky l (jl) e and 

(f,g) w = (pq){(jiy, (kiy'uiy'Ujky 1 - {(jky 1 , (pky^qky^pk^qk^yjiy = o 
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since 



{ Pq ){{jiy,{ki)-\ji)-^{jk)^ 

= my, (pir'iqir'mqmr'wr 1 , (po -1 ^)- 1 ^)}} 

{(jk)-\ {pk)-\qky\ P k){qk)}{ P q) and 

{m~\{pk)-\qk)-\pk)(qk)}( V q)Uiy 

= (?A;)- 1 (pA;)- 1 (^)(pA;)(iA;)- 1 (pA;)- 1 (^)- 1 (pA;)(^){(j7) £ ,(pO- 1 (?0" 1 (pO(?0}(P?) 
= { q k)- l (pk)-\ q k)(pk){jk)- l (pk)-\ q k)- l (pk) 

{(jiy, (pir'Hql)- 1 , (kl)}(pl){(ql), (kl)}}(qk)(pq) 

= ( g A;)- 1 (pA;)- 1 (gA;)(pA;)(jA;)- 1 (pA;)- 1 (gA;)- 1 {{(j7) £ ,(p/)" 1 (A;/)- 1 (p/)(A;/)}, 

{(pi)" 1 , (kl)}{{(ql)-\ (pi)- 1 (W)- 1 (pi)(«)}, {(«), (pi)(«)}}{(pi), («)} 

{{(gZ), (p/)- 1 (A;/)- 1 (p/)(A;/)}, {(W), (pO(fcO}}}(pfc)(9fc)(w) 

= W-'W^^WO'^'WHO?. (pi) _1 {(pi), {(?0, (*0 _1 (90 -1 } 

{(«), (g/)- 1 }}}^)- 1 ^)^)^) 

= ^-^^-'(^^^^"'{{O'O 6 , (WXpO^O" 1 ^)" 1 }, {(p/)- 1 , (W)" 1 
(p/)- 1 }^/), (W)" 1 ^)- 1 }!^), (H)(p/)(A;/)^(p/)- 1 }{(A;/), (pi)- 1 }}} 
(pk) 1 {qk)~ l {pk) (qk) (pq) 

= {qkr\pk)-\qk){ P k){{{]iy, (kir'ui)- 1 }, (pir'm, mr 1 , uiy 1 } 

{( g /),(A;/)(j7)(A;/)- 1 (j7)- 1 }{(A:/),(j7)- 1 }}}(jA;)- 1 (pA;)- 1 (gA;)- 1 (pA;)(gA;)( M ) 

= (qk)-\pk)-\qk){{( 3 iy, (piy\ki)-\piyki)}, {(kiy\ (piyu)} 

{{jiy\ ipir^kiy'ipiykimipir^kimopi), («)>, mr 1 , ipiyu)} 

= (^(p*)"'^) 6 , (pO -1 ^) -1 , (g/)(A;/)}(p/)(j7)- 1 (p/)- 1 {(p/), {(?0, 
{(&0> (q^)(kl)}}}(qk)(pk)(jk)~ 1 {pk)~ 1 (qk)~ 1 {pk)(qk)(pq) 

= (qkr'miy, (kiypiykir^pi)- 1 }, {( P i)-\ (w)- 1 ^)" 1 } 

{{(A;/)- 1 , (p/)- 1 }, {(gZ), (A;/)(p/)(A;/)- 1 (p/)- 1 }{(A;/), (p*)" 1 }}^)" 1 , (*0(p0 
(A;/)- 1 ^/)- 1 }, {(p/)" 1 , (A7) _1 (p0 _1 }}{{(p0, {(gZ), (W)(pi) 

(fcO^r'HfaO.CpO -1 }}}^*) -1 ^^ 

= {(j7) £ , (pZ)- 1 ^)- 1 , (<zO _1 }, (p0 _1 {(*0~\ M) -1 } 

{(90, (M)- 1 ^)- 1 }^), ((zO-^HO'O -1 , (p0 _1 }{(p0, {(&0 _1 > W- 1 } 

{(90, (W)"^?')" 1 }!^. (?0 _1 }}}{(^) _1 , (pA;)- 1 (gA;)- 1 (pA;)(gA;)}(pg) 
ee {(J/) 2 , (p/)- 1 (g/)- 1 (p/)(g/)(A;/)- 1 {(j7)- 1 , (p/)- 1 (g/)- 1 (p/)(g/)}} 
{( J A;)- 1 ,(pA;)" 1 (gA;)- 1 (pA;)(gA;)}(pg). 

(12) A (10) 

Let / = (pq)(jk)~{(jk), {pk)-\qk)-\pk){qk)}{pq), g = (jk)(jiy -{{jl) e , (H)}(j'A;), p < 
j < q < k < I. Then u> = (pq)(jk)(jl) £ and 

(/,£)„ = (P9){(j'0 e , (*0}(J*) - {(#), W 1 (^)- 1 (pA;)(gA;)}(pg)(j7) £ ee 
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since 



(pq){(jiy,(kl)}(jk) 
= {(jiy, {pl)-\qi)-\pl)(ql)(kl)}{( 3 k), (pk)-\qk)-\pk)(qk)}(pq) and 

{(^),(p^)- 1 (^)- 1 (p^)(^)}(p?)07) £ 

= (qky\pk)-\ q k)(pk)(jk){(jiy, (piy'iipi), (fco _1 (?0(*0}} 

(pkr\qkr\pk)(qk)(pq) 

= {qkr\pky\qk){pk){{{]iy, («)>, (pir'm, my 1 , urn)} 

{( g /),( J 7)- 1 (A;/)- 1 (j7)(A;/)}{(A;/),(j7)(A;/)}}}(jA;)(pA;)- 1 (gA;)- 1 (pA;)(gA;)( W ) 
= (qkr\pk)-\qk){{(jiy, (pl)-\kiy\qiykl)}, {(kl), (pl)(W)} 

{(pi)" 1 , (W)H{(pO, («)}, {(*0 _1 , (pi)(«)}{(90, {pl)-\kl)-\ql){kl)} 

{(ki),(piyki)}}}(pky 3 kypk)-\qk)~\pky q kypq) 

= {qk)-\pk)- l {{jiy, (pir'Ukl), (ql)(kl)}{(pl), {(ql), («)}{(«), (?*)(«)}}} 
(q^ipkXj^ipkr'iqkr'ipk^ipq) 

= (qky'uuiy, (ki)(piyki)-\ P i)- 1 }, {{( q iy\ (kiypiykiy\piy 1 }, 

{(kl), (p/)- 1 }!^), (A:/)- 1 ^)- 1 }}!^/), (A;/)(p/)(A;/)- 1 ( J5 /)- 1 }{(A;/), (p/)- 1 }} 
(pk)~ l (qk) (pk) (jk) (pk)" 1 (qk)~ l (pk) (qk) (pq) 

= {(jiy, {{(qir\ (kir^qiy 1 }, {(h), (90 _1 }(pO}{(?o, (^r 1 ^) -1 } 

{(«), W"^)^ W(#)Hw) 

= {(jZ) e , (p/)- 1 (g/)- 1 (p/)(g/)(A;/)}{(jA;), (^^(gA;)- 1 ^)^)}^). 

(12) A (11) 

Let / = (pq)(ik)~ 1 - {(iky 1 , (pky 1 (qk)~ 1 (pk)(qk)}(pq), p < i < q < k,g = (ifc)~ 1 (j'Z) e - 
{(jl) £ , {kiyiiykl)- 1 ^)- 1 }^)- 1 ,i <j <k<l. Then w = (pq)(iky 1 (jl) £ and 

(f,g) w = (pq){(jiy, (kiyiykiy 1 ^)- 1 }^)- 1 - {(iky 1 , (pky 1 (qky 1 (pk)(qk)}(p q )( ] iy. 

There are three cases to consider. 
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1) q < j, p<i<q<j<k<l. 



(pqmjiydmmr 1 ^)- 1 }^)- 1 
= my, (ki){(u), { P iy\ q i)-\ P i){ q i)mr l m-\ w-^?!)-^)^}} 

{{ik)~\ (pkr\ q ky\pk)(qk)}(p q ) and 

{{ik)-\ipk)- 1 {qk)- 1 {pk){qk)}ipq){jiy. 
= (qkr^pky^qkyp^m^ipky^qky^pk^ijiyipq) 

(qk)(pq) 

= (gA;)- 1 (pA;)" 1 (gA;)(pA;)(^A;)^(pA;)- 1 (gA;)- 1 {{(J7)^(p/)- 1 (A;/)- 1 (p/)(A;/)}, 
{(ql)-\ {pl)-\kiy\pl){kl)}{{kl)-\ (pl)(kl)}{(ql), (pl)'\kir\pl)(kl)} 
{(kl),(pl)(kl)}}(pk)(qk)(pq) 

= {qk)-\pk)-\qk){pk){ik)-\pk)- l {{{jlf, {kl){ql){kiy\qiy 1 }, {{(W)" 1 , 
(ql)- 1 }, (pl){(ql), (H)- 1 (g/)- 1 }}{(A;/), (g/)- 1 }}^)- 1 ^)^)^) 

= (gA;)- 1 ^)- 1 ^)^)^^- 1 !!^/) 5 , (M)(pZ)(M) _1 (pZ) -1 }, {{(*0~\ (pO -1 }, 
{(qiy 1 , {ki){pi){kiy\piy l }{{pi), {ki)-\piy l }{{ q i), (kiypiykiy^piy 1 }} 

{{(g/)-\ (A;/)(^)(A;/)- 1 (^)- 1 }, {(«), (^Hp/)}^/)- 1 , (^^{(g/), (kl)(il) 

(kiy\ i iy 1 }}{(ki),( i iy 1 }}( i ky\pky\ q ky\pk)(qk)(pq) 
= (qky'ipky^qmuiy, (piy\kiy\ P i)(ki)}, {{(kiy\ (piyki)}, {(uy\ 
(piy'ikiy^piykiyiiiqiy 1 , ( P iy\kiy\pi)(ki)}, {(«), (pi)(w)} 

{(pj), (A;/)}}{(A;/)- 1 , (p/)(A;/)}{(g/) ! (piy\kiy\pl)(kl)}}{(kl), (pl)(kl)}} 
(pk) {iky 1 (pky 1 (qky 1 (pk) (qk) (pq) 

= {qky\pky\{{jiy , {qiy\kiy\qiyki)}, {{{uy\ ( q i)(ki)}, (piytiy 1 
(piy l {(kiy\ ( q i)(ki)}{(qiy\ (ki)}(pi){( q i), («)}}{(«), (?0(«)}} 

(g/c) (pit) (i/fc)" 1 ^)" 1 {qk)-\pk) {qk) (pg) 

= (qky'iwy, {ki){pi){kiy\piy^ {{{kiy\ (piy 1 }, {{(uy\ (kiy P i) 

(kiy'ipiy 1 }, {(pi)" 1 , (A;/)- 1 (p/)- 1 }{(A;/)- 1 , (p/)- 1 }{(g/)- 1 , (fcj)(pl) 
(A;/)- 1 (p/)- 1 }}{(p/), (A;/)- 1 (p/)- 1 }{(g/), (^(plX**) -1 ^) -1 }} 
{(A;/),(p/)- 1 }}(pA;)- 1 (gA;)(pA;)(^)- 1 (pA;)- 1 (gA;)- 1 (pA;)(gA;)(pg) 
= {{(jJ) e , (A;/)(g/)(A;/)- 1 (g/)- 1 }, {{(Jd)~\ (ql)' 1 }, {(iJ)"\ (pi)' 1 

{(kiy\ (qiy'Hiqiy 1 , (kiy^qiy^m, (qiy'wmkiy 1 , (qiy 1 }} 

{(ql), (kiy^qiy 1 }}^), (ql)- 1 }}^)- 1 , {pky\qky\pkyqk)}(pq) 

= my, (ki){(u), {piy\qiy\piyqi)my l m-\ {piy\qiy\pi){qi)}} 

{(iky\(pk)- 1 (qky 1 (pk)(qk)}( P q). 
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2) q— j, p < i < q — j < k <l. 



(pqHUiydmmr 1 ^)- 1 }^)- 1 

= aw, (pW)}, (ki)m, (pirm-'wmwr'wr 1 , { P iy i 
{3ir\pm)}}{m-\{pkr\ 3 k)-\pk){jk)}{pj) and 

{{ik)-\{pk)-\qk)-\pk){qk)}{pq){jlY 
= {{ik)-\ {pkr\jk)-\pk){jk)}{pj){jlf 
= {jk)-\pk)-\jk){pk){ik)-\pk)-\jk)-\pk){^ 

= Uk)-\pk)-\ ] k)(pk)(iky\pky\ 3 k)-\ P k){{( ] iy, (ki)}, (pi){(ji), («)}} 

(jk)(pj) 

= m'\p^r\3^pmkr\pkr i ukr i {{uiy, (po _1 (^) _1 (pO(^)}, {(«)» 
( P i)(ki)}{(pi), (ki)}{(ki)-\ ( P i)(ki)}{(ji), {pi)-\ki)-\pi){ki)} 
{{ki),{pi){ki)}}{pk){jk){pj) 

^{(jO.W'O'O" 1 }}^*)" 1 ^)^*)^') 

= ^"Vl^O^WW'HW (A;/)(p/)(A;/)- 1 (p/)- 1 }, {{(pi), (kl)' 1 

(pi)- 1 }, {(j7), (A;/)(p/)(A;/)- 1 (p/)~ 1 }{(A;/), (pi)- 1 }}}^)- 1 ^*)- 1 ^)^*)^') 

= O^r 1 ^) -1 WWUO'O 6 , {ki){n){kiy l (ii)~ 1 } , {(«), (tf)- 1 }^) 

{(A;/)" 1 , (iZ)" 1 }^)-^^), {(fci)- 1 ^- 1 }^, (fcOWW 1 ^)" 1 } 
{(W),^)- 1 }}}^)- 1 ^)- 1 ^*)- 1 ^)^*)^') 
= O^MO" 1 W« (pO _1 (^) _1 (pO(^)}, {(«), (p0(*0}{{(*0 _1 , (pi)(«)}, 
{(iZ)-\ (p/)~ 1 (A;/)- 1 (p/)(A;/)}{(p/)- 1 , («)}}{{(pi), («)}, {{kly 1 , (pl)(kl)} 

{{ji)Apiy\ki)-\pi){ki)}{{ki),{pi){ki)}}}^ 
= (jkr^pkr^iuiy, (m)}, {(«), (jO(«)}{{(«)- 1 , (jO(«)>, (pom -1 

= W-HiW, {kl){pl){kiy\pl)- 1 }, {(«), (pl^HOU (H)(p/)(A;/)- 1 (p/)- 1 } 
{(«), (p/)^ 1 }{{(A;/)- 1 , (p/)" 1 }, {(j7), (A;/)(p/)(A;0- 1 (p/)- 1 }{(A;/), (p/)- 1 } 
{{(i/)" 1 , (A;Z)(pZ)(H)- 1 (pZ)- 1 }, {(pi)" 1 , (/c/) _1 (p/) _1 }}}{{(p/), {kiy l {piy 1 }, 
{07),(A;/)(p/)(A;0~ 1 (p/)- 1 }{(A;0,(p/)- 1 }}}(pA;)- 1 0'A:)(pA;)(zA;)- 1 

(pfc)- 1 ^*)- 1 ^)^*)^') 

= {{oo £ , (kir'ui)- 1 }, {(u), {pi)- i m-\ 07)- I }{oo- 1 , (fco-'o-o- 1 } 
{(«), or 1 }^)-^)- 1 , or 1 }^)- 1 ^)- 1 , (jo-^hiw- 1 , (po _1 
{(kiy\ uir'Hui)- 1 , (kiy^jiy^mi), m-'mwr 1 , Uir 1 } 
{oo, (kiy'uiy'mi), m-'mm- 1 , «- W'mo'*)}^) 

= U00 £ , (pOO'O}, («){(«), W'O'O-'MaOXfcO-HW 1 , (pO - ^) -1 
WO'OMi*)' 1 .^)' 1 ^*)" 1 ^)^*)}^)- 
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3) q>j, p<i<j<q<k<l. 



{pqmiyAmmr^ivmy 1 
= aw, ( P ir\qir\pi)(qi)}, («){(«), {pir\qir\pi){qimir l 

{pl)-\ql)-\pl){ql)}}{{ik)-\ {pk)-\qk)-\pk){qk)}{pq) and 

{{ik)-\(pk)-\qk)-\pk){qk)}(pq){jiy 
= (^)- 1 (pA;)- 1 ( ? A;)(pfc)(^)- 1 (pA;)- 1 (^)- 1 W(^){(iO^(pO" 1 (?0" 1 (pO(?0}(P?) 

= {qkr'ipky'iqkypkyikr^pkr'iqkr'ipkmif, (po-wr 1 , («)}(po 

{(ql),(kl)}}(qk)(pq) 

= (gA;)- 1 (pA;)- 1 (gA;)(pA;)(^A;)- 1 (pA;)- 1 (gA;)-H{(JO^(pO" 1 (^)' 1 (pO(^)} ) 
{(pi)" 1 , (A;/)}{{(g/)- 1 , (p/)~ 1 (A;/)- 1 (p/)(A;/)}, {(«), (pi)(«)}{(pi), («)} 

{{(gZ), (p/)~ 1 (A:/)- 1 (g/)(A;/)} ! {(«), (pO(W)}}}(p*)(?*)(w) 

= (gtj-^w^Kir'W'W- (po _1 {(po, {(?o, (*o _1 (90 -1 } 

{(«), (gO" 1 }}}^)" 1 ^)^)^) 
= W'W'WWW^IO'O*, (A:/)(p/)(A;/)- 1 (p/)- 1 }, {(pZ)" 1 , (A;/)- 1 

(p/)- 1 }!!^/), (kir^ipi)- 1 }, {( q i), (kiypmr^piy^m), (piy 1 }}} 

(pk)~ 1 (qk)" 1 (pk)(qk)(pq) 

= {qkr\pk)-\qk){pk){{{]iy, (kimiki)- 1 ^)- 1 }, (pir'm, {{kiy^uy 1 } 

= (qk)-\pk)-\qk){{( 3 iy, (piy\kiy\pi)(ki)}, {(«), (pi)(«)}{(<z), (p/)- 1 

(W)- 1 (pi)(«)}{(W)- 1 , ( P Z)(fcZ)}{(iZ)-\ (p/)- 1 (A:/)- 1 (p/)(A;/)}{{(p/), (W)}, 
{(A;/)- 1 , ( P Z)(M)}{(gZ), (p/)- 1 (A;/)- 1 (p/)(A;/)}{(A;/) ) (pi)(«)}}} 
(pk) (iky 1 (pky 1 (qk)' 1 (pk) (qk) (pq) 

= {qkr\pky i {{ji)\ {piy i {{{kiy\ ( g i)(ki)}, (piyur'ipir'w)- 1 , ^mm 

{(qiy 1 , (kl)}(pl){(ql), («)}{(«), (ql)(kl)}}(qk)(pk)(iky 1 
(pk)" 1 (qk)" 1 (pk) (qk) (pq) 

= (qkmuiy, (ki)(pi)(kiy 1 (piy 1 }, {{(u), (kiypiykiy^piy 1 }, {{(kiy 1 , 
(piy 1 }, {(qiy (ki)(pi)(kiy 1 ( P iy 1 }{(ki), (piy'nw, (kiy^piy 1 }}} 
{(ay 1 , (ki)(pi)(kiy 1 (piy 1 }{(piy\ (kiy '(piy 1 } {(kiy 1 , (piy 1 } 
{(qiy 1 , (kiypiykiy^piy'Hipi), (kiy 1 ( P iy 1 }{( q i), (kiypiykiy^piy 1 } 

= iw, {(«), {wr\ Mr 1 }, (pir'im, ^r 1 ^)- 1 }, m, (qiy 1 }} 

mm- 1 {{(qiy 1 , (kiy^qiy 1 }, m, (qiy'wy 

{{(90, (M)" 1 ^)" 1 , {(«), (?0 _1 }}}{ W 1 ", (Pk)-W)W}(M) 

= {my, (piy'iqiy'ipimh mm, (piy^qiy^pimwy 1 

{(uy 1 , (piy^qiy^piyqiyHm- 1 , (pky 1 ( q ky 1 (pk)( q k)}(p q ). 

(12) A (12) 

Let / = (pq)(ik) — {(ik),(pk) 1 (qk) 1 (pk) (qk)} (pq) , p < i < q < k, g = (ik)(jl) £ — 
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{(jl) £ , (iiy 1 (kiy 1 (il)(kl)}(ik),i < j < k < I. Then w = (pq)(ik)(jl) £ and 

(f,9) w = (pq){(jl)^(il)-\kl)-\il)(kl)}(ik)-{W 
There are three cases to consider. 

1) q < j,p < i < q < j < k < I. 

(pq){Viy,(ii)-\ki)-\ii)(kWk) 

= {(jiy, {pl)-\ q t)-\pl){ql)}{kl)- l {{il), {pl)-\qt)-\pl){qt)}{kl)} 

{(ik), (pky 1 (qky 1 (pk)(qk)}(pq) and 

{{ik),(pk)-\qky\pk)(qk)}{pq)Uiy 
= (qk)-\pky\qk)(pk)(ik){( 3 iy , {(kl)-\ {(ql)-\ (kl)(pl)} (A;/)" 1 (ql)} (ki)} 
(pk)~ l (qk)~ l (pk) (qk) (pq) 

= {qkr\pky\ q k){pk){{{ji)\ (uy^kiy'iiiyki)}, {{(kiy 1 , (uyki)}, {{( q iy\ 
(iiy\kiy l (iiyki)}, {(ki), (ii)(ki)}(pi)}{(kiy\ (u)(ki)}{( q i), (uy^kiy 1 

( ? /)(A;/)}}{(A;/),( ? /)(A;/)}}( ? A;)(pA;)- 1 (gA;)- 1 (pA;)(gA;)( M ) 

= (qky\qkypk){{( 3 iy, (piy 1 (kiy 1 ( P i) (kiy, {{(kiy 1 , ( P i)(ki)}, {(u), (piy 1 
(kiy 1 ( P i) (kiy {{(qiy 1 , (piy 1 (kiy 1 ( P i) (kiy, {(ki), (pi)(ki)}{(pi), (ki)} 
{(kiy 1 , ( P i)(ki)}}{(qi), (piy^kiy^piyki)}} 
{(k^^piykiy^qkykypky^qky^pkyqkypq) 

= (qky 1 (pky 1 {{( 3 iy, (qiy^kiy^qiykiy, {{(kiy 1 , (qiyuy, (piyiypiy 1 

{(ql)- 1 , (kl)}(pl){(ql), (kl)}}{(kl), (ql)(kl)}}(qk)(pk)(ik)(pky 1 (qky 1 (pk)(qk)(pq) 

= (qky'miy, (kiypiyny^piy 1 }, {{(kiy 1 , 

(piy 1 }, m), (kiypiykiy^piy 1 }, {(piy 1 , (kiy 1 (piy 1 }{(kiy 1 , (piy 1 } 
{(qiy 1 , (kiypiykiy^piy 1 }}^), (piy^m, (kiy 1 (piy 1 } m, (kiy P i) 
(kiy 1 (piy 1 }}{(ki),(piy 1 }}(pky 1 (qk)^^^ 

= {{(jiy, (kiyqiykiy^qiy 1 }, {{(kiy 1 , (qiy 1 }, {(uy\ (piy 1 

{(kiy 1 , (qiy'mqiy 1 , (kiy 1 (qiy 1 } m, (qiy'wywy 1 , (qiy'mi), 
(kiy^qiy 1 }}^), (qiy 1 }}^), (pky 1 ( q ky 1 (pk)(qk)}(p q ) 

= {(jiy, {(u), (piy'iqiy'ipiyqimiy'Kuy 1 , (piy l ( q iy l (pi)( q i)}(ki)} 

{(ik),(pky 1 (qky 1 (pk)(qk)}(pq). 

2) q — j,P < i < q — j < k < I. 
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(pq){(jiT, (iiy^kiy'di^kimk) = (pj){(jiy, ^r 1 ^) -1 ^)^)}^) 

my, (pirn}, {(uy\ {viy\3iy\vmmiy l {m, {viy 1 

(3iy\pimKm{mdpky\jky 1 (pk)(jk)}(pj) and 

{(ik), (vky\qky\ P k)(qk)}( V q)Ulf = {(ik), W^'^-'WO'^XpjOO'O' 
(JA;)- 1 (pA;)- 1 (JA;)(pA;)( ^ A;){(J7)^(A;/)(p/)(A;/)- 1 (p/)- 1 {(p/),(J7)(A;/)}} 

{pky\jky l (pk){jk)(pj) 

(jky^ky'tikXpkmuiy, (uy^kiy^uykiy, {(ki), (u)(ki)} 
ipiyikiy'iuykiyipiy^ipi), {(kiy 1 , (u)(ki)}{(ji), M -1 ^)- 1 ^)} 

(^)(kl)}}}('i-k)(pky 1 (jky 1 (pk)(jk)(pj) 

Uky\pky\ 3 k){{uiy, {piy\kiy\pi){ki)}, {(ki), (pO(M)}{{(^r\ (pixw)}, 

{(<Z), (pl)- 1 ^)-^)^)}^!), (p/)(A;/)}{(p/)- 1 , (W)}}{{(pO, («)}, {(*0 _1 , (pO(*0> 

{07),(pO- 1 (^0" 1 (pO(^0}{(^),(pO(^)}}}W^)- 1 (^)- 1 ^)0'p)(pj) 

(j'*)" 1 ^)" 1 ^?. («)}, {{(*0 _1 , (jO(«)}, (pO(«)(pO -1 } 

{(pi), {07), («)}}{(«), (jm)}}m{pk){ik){pky\jky\pk){jk){pj) 

(jky'miy, (kiypiyuy^piy 1 }, {(ki), ( P iy l }{{(kiy\ (piy 1 }, 

{07), (^(pO^O -1 ^) -1 }^), (p/)- 1 }^/), (^(pO^O -1 ^) -1 }, {(ply 1 , (kl)' 1 
OTHW" 1 - W'HO'O -1 , (A;/)(p/)(A;/)- 1 (p/)- 1 }{(A:/), (p/)- 1 } 
{(pi), (H)- 1 (p/)- 1 }{07), (A;/)(p/)(A;0- 1 (p/)- 1 }{(A;/) ! (p/)- 1 }} 
(pA;)- 1 OA;)(pA;)^)(pA;)- 1 0'A:)- 1 (pA;)0'A;)(pj) 

{{07) £ , (fcO-'O'O -1 }, {(«), (jO-'HWO, wr 1 }, {pir 1 

{{kiy\ (jiy'HUi), (M)- 1 07)- 1 }{(^), (jO-'KpOMCpO- 1 } 

{(A;/)- 1 , oO^HOr 1 , (A;Z)- 1 ( J z)- 1 }{(M), OO^H^HOO, (kiy^jiy 1 } 

{(«), 07) _1 }{ (<*), M-'O'*)" 1 

{{07) £ , (pi)O'0>, { (pO^OO-^pOOOX^)" 1 ! («), (pO _1 
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3) q>j, p<i<j<q<k<l. 



(pqnuiyAnr'ikiy'iimmik) 

= iiW, (pir'iqir'Wiql)}, {(U)- 1 , {pl)-\ql)-\pl){ql)} 

(kir'm, {pl)-\qiy\pl){ql)}{kl)}{{ik), {pky\qk)-\pk){ q k)}{pq) and 

{{ik),(pk)-\ q ky\pk)( q k)}{ vq )uiy 

= ( q k)-\pk)-\ q k)(pk)(ik){Uiy , (pir'iipl), (kiy^qmmipkr^qky'ipk^ipq) 

= {qkr\pk)-\ q k)(pk){{uif , (iiy\ki)-\u){ki)}, (piy'iipi), my 1 , (u) 

(ki)}{( q i),(tiy\kiy\ti)(ki)}{(ki),(ti)(k^ 
= ( q ky\ P ky\ q k){{(jiy, ( P iy\kiy\piyki)}, {{(kiy 1 , (pi)(ki)}, {(u), (piy 1 

(kiy\ P i)(ki)}}{(ki), {pi){ki)}{{piy\ (ki)}{{(pi), («)}, {(kiy 1 , (piykiy 

{(?0,(pO" 1 (^)" 1 (pO(^)}{(^),(pO(^)}}}^)W(p^)" 1 (^)" 1 (p^)(^)(p?) 
= (qky'ipky^uiy, {{(kiy 1 , (qiykiy, (pimwy'm, {( q iy («)}} 

{(H),(g/)(A;/)}}(gA;)(pA;)(2A;)(pA;)- 1 (gA;)- 1 (pA;)(gA;)( M ) 

= m-HWY, {ki){pi){kiy\piy'}, {{(kiy 1 , (piy 1 }, {( q iy {ki){ P i) 
{kiy\piy l }{{ki), (piy'Hipi), (kiy'ipiy 1 }^), (kiypiykiy^piy 1 }} 
{{( q iy\ (ki)( P i)(kiy 1 ( P iy 1 }, {(ki), (piy'Hipi), (kiy^piy 1 }}^), (ki)( P i) 
{kiy\piy l }{{ki),{piy 1 }}{pky\qkypk)^ 

= {(jiy, {{(kiy 1 , (qiy 1 }, (piy'wy 1 , (<zO -1 }{(?0, (Mr 1 *?*) -1 } 

{(«), (g/)- 1 }}^), {pky\qky\pky q k)}(pq) 
= {{(jiy, ( P iy\qiy\piy q i)}, {(<0 _1 , (pO" 1 ^)" 1 ^)^)} 

(A;/)-H(^0,(pO~ 1 (?0" 1 (pO(?0}(^}{(^),(pA;)- 1 (gA;)- 1 (pA;)(gA;)}( W ). 
(12) A (13). 

Let / = ( W )(^) 5 - {{ik) 5 ,{pky\qky\pkyqk)}(pq),g = (^) 5 (j7) £ - Then 
w = (pq)(ik) 5 (jl) £ and 

(f,9) w = (pq)(jl) £ m S - {(tk) S , {pk)-\qky\pkyqk)}(pq)( 3 iy. 

There are two cases to consider. 

1) p < i < q < k, j < i < k < I. In this case, there are three subcases to consider, 
a) p<j,p<j<i<q<k<l. 
(pq)(jiy(ik) 5 

= {(jiy, {piy l {qiy\pl){ql)}{{ik) s , (pky^qky^pk^qk^pq) and 
{(ik) 5 ,(pk)-\qky\pkyqk)}(pq)Uiy 

= {qky\pky\qkypkyikf{w, WW, (W) -1 (?0(*0}} 

(p/c) _1 (g/c) _1 (pk) (qk) (pq) . 
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= 1, then 



{(ik)\(pk)-\qky\pk)(qk)}(pq)( 3 iy 

(qk)-\pk)-\qk)(pk){(jiy, (piy^ipl), {(kl)~\ (il)(kl)}{(ql), (uy^uy 1 
(^)(A;/)}{(A;/),^)(A;/)}}}( ? A;) 5 (pA;)- 1 (gA;)- 1 (pA;)(gA;)( M ) 
{qk)-\pk)-\qk){pk){{jiy, (pir'Kpl), {kiy\ql){kl)}} 
{(ik)\pkr\qkr\pk){qk)(pq) 

(qk)-\pky\qk){{(jiy, (pi)-\kiy\ P iyki)}, {( P iy\ (*0H{(p0, (w)}, 

{(A;/)" 1 , (pl)(kl)}{(ql), (pir\kir\pl)(kl)}{(kl), (pl)(kl)}}} 
(pk) (ik) (pk)~ l (qk)~ l (pk) (qk) (pq) 

{qk)-\ P k)-'{{jiy, ipiViipiy {(90, («)}{(«), (?0(«)}}} 

(qk) (pk) (ik) s (pk)- 1 (qk)- l (pk) (qk) (pq) 
(qk)- l {{jl £ , (kl)(pl)(kiy\piy 1 }, {(pi)" 1 , (M) -1 ^) -1 } 
{{(pi), (M)- 1 ^) -1 }, {(?0, (H)(p/)(A;/)- 1 (p/)- 1 }{(A;/), (p/)- 1 }}} 
(pk)~ l (qk) (pk) (ik) (pk)- l (qk)~ 1 (pk) (qk) (pq) 

{(jiy, (plViipiy {(kl)~\ (qir'Hiql), (kiy\qiy 1 }{(kl), (qiy 1 }}} 
{m\(pkr 1 (qk)- l (pk)(qk)}(pq) 

my, (pir'iqir'ipiwmm 5 , (^(^r 1 ^)^)}^)- 

= — 1, then by using the result of the case of S — 1, we have 

{(ik) 5 ,(pk)- l (qk)- 1 (pk)(qk)}(pq)( 3 iy 
= (qkr l (pkr 1 (qk)(pk){( ] iy i (piy l {(pl), {{kl)-\ (iir'Hiql), (kl)(il) 

(kiy\iiy 1 }{(kl),(iiy 1 }}}(ik)\pky\ q ky 1 (pk)( q k)(pq) 
= (qkY l (pkr 1 (qk)(pk){( 3 iy i (pl)- l {(pl), (kiy\ql)(kl)}} 

{(ik) 5 ,(pkY l (qk)- 1 (pk)(qk)}(pq) 
= {(jiy, (pl)- l (ql)- l (pl)(ql)}{(ik) 5 , (pk)- l (qky 1 (pk)(qk)}(pq). 
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b) p — j,P — j < i < q < k <l. 

{pq){jirm s = {jq){jir\iky 

= {(JIT, (Ql)H(ik) S , {jk)-\qk)-\jk){ q k)}{j q ) and 
{(ikf Avk)-\qk)-\pk)( q k)}(p q )( 3 iy 

= {m 5 ,m-\qk)-\ 3 k)( q k)}u q )(jir 

= (qk)-\jk)-\qk)(jk)(ik)\jk)-\qk)-\jk){(jiy, {(ql), (kl)}}(qk)(jq) 

= { q k)-\jky\ q k){jk){ik)\jk)~\ q k)- 1 {{{jiy, (hi)}, 

{{(ql), (jl)-\kl)-\jl)(kl)}, {(kl), (jl) (kl)}}}(jk) (qk) (jq) 

= ( q ky\ 3 ky\qk)( 3 k)(ik)\ 3 ky l {( 3 iy, {( q i), (kiy\qiy 1 } 

{{kl),(qiy l }}{qky\ 3 k){qk)( 3 q) 

= (qky\ 3 ky\qk)( 3 k)(tk) s {{( 3 iy, (kiy\ 3 iy l ), {( q i), (ki)(ji) 
(kiy^jiy'mk^^jiy'yyuky'iqky'Ukyqkyjq) 

= {qk)-\jk)-\qk){jk){ik)\{jl)\{kiy\ql){kim^ 
If 5 = 1, then 

{m 5 Avky\qky\pky q k)}(pqy 3 iy 
= {qky\ 3 ky\ q k){ 3 k){{ 3 iy, {(kiy 1 , (u)(ki)}{( q i), (iiy\kiy l (ii)(ki)} 
{{ki),{iiyki)}}{ik)\ 3 ky\qky\ 3 ky q ky 3 q) 

= (gA;)- 1 (JA;)- 1 (gA;)(JA;){(J7)^(A;/)- 1 (g/)(A;/)}(^A;) ^ JA;)- 1 (gA;)- 1 (JA;)(gA;)(Jg) 

= (qky\ 3 ky\ q k){{( 3 iy, (kiy, {(kiy 1 , (ji)(ki)}{( q i), ( 3 iy\kiy\ 3 i)(ki)} 

{(kl), (jl)(kl)}}(jk)(ik) 5 (jky 1 (qky 1 (jk)(qk)(jq) 

= {qky\ 3 ky l {{ 3 iy, {( q i), («)}{(«), (?0(«)}} 

(qkyjkyikyuky'iqky'miqkyjq) 
= (qky l {{( 3 iy, (kiy^jiy 1 }, {( q i), (ki)( 3 i)(kiy\ 3 iy l }{(ki), ( 3 iy 1 }} 

m-\qk)umk)\rty\qky\ 3 ky q ky 3 q) 
^ {(jiy, {(kiy 1 , (qiy'mqi), (kiy^qiy^w), (qiy 1 }} 

{{ik)\{ 3 ky\qky\ 3 k){qk)}{ 3 q) 

= my, mmy, w^^r 1 

US = — 1, then by using the result of the case of S — 1, we have 
{(ik) S \(pk)- 1 (qk)- 1 (pk)(qk)}(pq)Ul) e 

= (qky\ 3 ky\qky 3 k){( 3 iy, {(kiy 1 , (iiy'yw), (kiyuykiy^uy 1 } 

{(kl), (iiy 1 }}(ik) 5 (jk)~ 1 (qky 1 (jk)(qk)(jq) 
= (gA;)- 1 (j'A;)- 1 (gA;)(jA;){(j7) £ ) (A;/)- 1 (g/)(A;/)}( ? A;) 5 (jA;)- 1 (gA;)- 1 (jA;)(gA;)(jg) 

= my, mmy, uir\qky\ 3 k)(qk)}( 3q ). 
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c ) p>j,j<p<i<q<k<l. 

(f,g) w = {jiy{{ik)\(pk)-\qk)- 1 (pk){qk)}(pq) 
-W{m 5 ,(pk)-\qky\pk)( q k)}(pq) 
= 0. 

2) i < k < j < I. 

In this case, we have p<i<q<k<j<l and 

(f,g) w = {jl) e {{ik) S Apk)-\qk)-\pk)( q k)}(pq) 
-W{m\{pky\qky\pk){qk)}{pq) 
= 0. 

(13) A (7) 

Let / = (ipym- 1 - (jky^ipy, g = {jk)-\kiy - {(kiy, (jiy'Kjky 1 , j < % < P < 

k < l or i < p < j < k <l. Then w = (ip) 5 (ik)~ l (kl) £ and 

(f,g) w = {ip) s {{kiy,{]i)-'}{]k)-^-{]ky\ipy{kiy 
^ {(kiy, ui)- l }{jk)-\ip) 5 - (jk)-\kiy(i P ) s 
= o. 

(13) A (8) 

Let / = (tpY(jk) - (jk)(ipY, g = (jk)(kiy - {(kiy,(jl)(kl)}(jk), j <i <p <k < 
lori<p<j<k<l. Then w = (ip) s (jk)(kl) £ and 

(f,g) w = (tp) s {(kiy,( 3 i)(ki)}(jk)-(jk)(tp) s (kiy 
= {(kiy, (ji)(ki)}(jk)(ip) 5 - (jk)(kiy(ip) s 
= o. 

(13) A (9) 

Let / = (ipYUk)- 1 ~ (jk)- 1 ^) 6 , g = (#) _ W - {(jiy, (kiy^iy^jk)' 1 , j < i < 
p < k < I or i < p < j < k <l. Then w = (ip) 5 (iky l (jly and 

(f,gy = (ip) 5 {(3iy,(kiy 1 (jiy 1 }(3ky l -(3ky l (ipY( 3 iy 
= MY, {kiy\3iy l }(3ky\rpY - (jky\jiy(i P y 
= o. 

(13) A (10) 

Let / = (ipY(jk) - (jk)(i P Y, g = (jk)(jl) £ - {(jl) £ , (kl)}(jk), j < i < p < k < l or i < 
p < j < k < I. Then w = (ipY(jk)(jl) £ and 

(f,g) w = {ipY{WAki)}(jk)-(jk)(ipY(jiy 
= {(jiy,(ki)}(jk)(i P y -m(jiy(ipY 
= o. 



72 



(13) A (11) 

Let / = (pqY^k)- 1 - {ik)-\pq)\ g = (ik)-\jiy - {(jiy, (^(^(fcZ)" 1 ^)" 1 }^)" 1 - 
Then w = (pg) 5 (iA;) _1 (j7) £ and 

u,g) w = {pq)\m\{mmi)' l m' l mr i -{ l kr\pq)\ 3 iy. 

There are two cases to consider. 

1) i < p < q < k,i < j < k < I. In this case, there are five subcases to consider. 

a) j < p,i < j < p < q < k < I. 

(f, g ) w = {(jiy, (kiyuykir^ur'yiikr'ipq) 6 - (iky 1 (jiy ( Pq ) 5 = o. 

b) j — p,i < j — p < q < k < I. 

(/,<?)» = (7?)%'0^0(^ 

If 5 = 1, then 

(f,g) w = {{( 3 l)\(ql)},(kl)(il)(kl)-\ l l)- l }(ik)- l ( 3 q) 5 

-m-'iuiy^qi)}^) 5 
= {(jiy, (qiykimikiy 1 ^)- 1 }^)*^)- 1 

-{{(jiy, (kiyuyki)- 1 ^)- 1 }, {( q i), (ki)( i i)(kiy 1 ( i ir 1 }}( i ky 1 ( 3 q) 5 

= o. 

If 5 = -1, then 

(f,g) w = {{(jiy, (g/) _1 (j7) -1 }, (kl)(il)(kiy 1 (iiy 1 }(iky 1 (jq) & 

-m-'my^qir'uir'Kjq) 5 

= {(jiy, (ql)- 1 (jl)- 1 (kl)( i l)(kir 1 ( i l)- 1 }( i k)- 1 (jq) 5 

-{{(jiy, (kiyuykiy^u)- 1 }, {(qiy 1 , (kiyuykiy^u)- 1 } 

{(]ir\(ki)(ii)(kiy\iir i }}(ik)-\] q y 

= 0. 

c) p < j < q,i < p < j < q < k < I. 
If 5 = 1, then 

(f,9) w = {{(j7) £ ! (p/)- 1 (g/)- 1 (p/)(g/)},(A;/)(^)(A;/)- 1 (^)^}(^)^( M ) 5 

-m^my^pir^qir^piyqimpq) 5 
= {(jiy, (pir\qi)-\pm)(mmi)-\^r 1 mr 1 (pq) 5 

-{my, dir\kr)~ l (ii)(kr)}, {{( q iy\ (ii)-\ki)-'(ii)(ki)}, 
{(pi), (^O^O^O^OIH^O) (^) _1 (^0 _1 (^)(^0}}(^) _1 (p?)' 5 

= 0. 
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If 5 = -1, then 

(f,g) w = {(j7) £ ,(g/)(p/)(g/)- 1 (p/)- 1 (A;/)(^)(A;/)- 1 (^)- 1 }(^)- 1 ( W ) 5 

-(^)- 1 {0'0 £ ,(?0(pO(?0- 1 (pO- 1 }(p?) 5 

= {(j7) £ , (^(pi)^)" 1 ^)" 1 ^)^)^)" 1 ^)" 1 }^)" 1 ^) 4 " 

{{(j7) e , (^^(w)- 1 ^)- 1 }, {{(pi), (mmr^u)- 1 }, 

{(ql)-\(kl)(il)(kl)-\il)- 1 }}{(^ 
= 0. 

d) j — q,i < p < q — j < k < I. 

u\g) w = (pjym^mimr^ii)- 1 }^)- 1 - m-'ww- 

If 5 = 1, then 

(f,g) w = {{(jO 6 ,^)^/)},^)^)^)" 1 ^)" 1 }^)" 1 ^') 4 

= (j7) £ , ^o-OCfcOWW 1 ^)" 1 }^)" 1 ^') 4 - 

{{(j7) £ , (W)(iZ)(W)- 1 (iZ)" 1 }, {(pi), (W)(iZ)(«)- 1 (iZ)- 1 } 

{viuwwrHii)- 1 }}^)- 1 ^) 8 

= 0. 
If 5 = -1, then 

(f,g) w = {{(j7) e , (pZ)- 1 }, (fcZ)(iZ)(M)- 1 (iZ)- 1 }(zA;)- 1 (pj)< 5 - 

(iky'Kjiy^pi)- 1 }^) 6 

= {(jiy, {pi)-\mmr\tir 1 }(ik)-\p 3 y - miy, (uyu) 

(kiy'iii)- 1 }, {(pi)- 1 , (mmy^uy'yyiiky'ipjy 
= o. 

e) j > q,i < p < q < j < k < I. 

(f, g ) w = {(jiy, (M)(iZ)(M)- 1 (iZ)- 1 }(^)- 1 (p g ) 5 - {ik)-\ 3 iy{ Pq y = o. 

2) p < q < i < k,i < j < k < Z, that is, p<q<i<j<k<l. 

(f, g ) w = {(jiy, (w)(<z)(«)- 1 (<o- 1 }(t*)- 1 (p?) 4 - (i*rW(p?) a = o. 

(13) A (12) 

Let / = (pq) 5 (ik) - (ik)(pq) s , g = {ik)(jl) £ - {{jl) £ , (^Z) - 1 ( A;Z) 1 (iZ) (fcZ) } (ifc) . Then 
w = (pq) 5 (ik)(jl) £ and 

(f,g) w = (pqymy, (ur'ikiy^uykmk) - m^yuiy. 

There are two cases to consider. 

1) i < p < q < k,i < j < k < I. In this case, there are five subcases to consider. 
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a) j < p,i < j < p < q < k < I. 



(f, g ) w = {(jiy, (<z)- 1 (w)- 1 (iz)(«)}(<fc)( M )« - m(jiy(pq) s = o. 

b) p — j,i < j — p < q < k < I. 

(f,g) w = (jq)\wAiir\kiy\immk) - m^yuiy. 

If S = 1, then 

= {(jiy, (ql)(il)-\kl)-\il)(kl)}(ik)(jq) s - 

{{(jiy, (ii)-\ki)-\ii)(ki)}, {( q i), (iiy\ki)- l (ii){ki)}}{ik){3 q y 

= 0. 
If 5 = -1, then 

(f,g) w = {{{3iyAqi)-\ji)- l },{^ir\ki)- l mki)m){3q) s 

-{ik){{jiy,{ql)-\jl)-'}{jq) & 
= {(jiy, {ql)-\jl)- 1 {il)-\kl)- 1 {il){kl)}{ik){jq) 5 

-{{(jiy, (ii)-\kiy l (ii){ki)}, {{ q i)-\ (uy^kiy^uyki)} 

{(jl)-\(il)-\kl)- 1 (il)(kl)}}(ik)(jq) S 
= 0. 

c) p < j < q,i < p < j < q < k < I. 
If 5 = 1, then 

(f,9) w = {{(j7) £ ,(p/)- 1 (g/)- 1 (p/)(g/)},(^)- 1 (A;/)- 1 ^)(A;/)}^)( M ) 5 

-m{uiy,(pir\qir\pi)(qi)}(pq) 5 

= {(jiy, (p/)- 1 (g/)- 1 (p/)(g/)(^)- 1 (A;/)- 1 (^)(A;/)}^)( M ) 5 - 

{{( 3 iy, (iiy'ikir'iiiyki)}, {{ P i)-\ (uy^kiy^uyki)} 

{{( P i), {ii)-\kiy\tiyki)}, {( q i), ^r\kir i mki)}}}^kyp q y 

= o. 

If 5 = -1, then 

(f,g) w = {{(jiy, (ql)(pl)(ql)-\piy 1 }, (iiy\kiy l (il)(kl)}(ik)(pq) S 

-(imuiy^qiypiyqir^pir^pq) 6 

= mr, (qi)(pi)(qi)-\pi)-\ i i)-\kir\ i i)(kmk)( P q) 5 

-{{(jiy, (<z)- 1 («)- 1 (<z)(«)}, {(qiy 1 , (iiy^kir^uyki)} 

{{(ql)- 1 , (il)-\kiy l (il)(kl)}, {(pi)" 1 , (^)- 1 (A;Z)- 1 (^)(A;Z)}}}(^)( W ) 5 
= 0. 

d) j — q,i < p < q — j < k < I. 

(f,g) w = (P3i\uiy,(iiy l (kiy\ii)(ki)}(ik) - (ik)( P j) s (jiy. 
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If 5=1, then 

(f,g) w = {{(jiy,( P l)},{iiy\kiy\U)(kl)}(ik)( P3 ) 5 

-(ik){(jiy,(pi)}( Pj ) s 
= {(jiy, { P i)diy\ki)-^i){kmk){ P3 y - 

= 0. 
If 5 = -1, then 

(f,g) w = {{ 3 iy,{ P l)-\jl)- 1 {il)-\kl)- 1 {il){kl)}{ik){ PJ Y 

= {(jiy, ( P iy\jiy 1 {iiy\kiy 1 {il)(kl)}(ik)( P jY 

-{{(jiy, {ur\ki)-\mi)}, {(pi)- 1 , (iiy\kiy\u)(ki)} 

{(jl)-\(ily\kly l (il)(kl)}}(ik)(pjy 

= o. 

e) q>j,i<p<q<j<k<l. 

(f, g ) w = {(jiy, (iiy\ki)-\iiyki)}{iky P q) 5 - m( 3 iy( pq ) s = o. 

2) p < q < i < k, i < j < k < I, that is, p<q<i<j<k<l. 

(f, g ) w = {(jiy, (iiy\kiy\ii)(ki)}(iky pq ) 5 - (tk)( 3 iy( Pq ) 5 = o. 

(13) A (13) 

Let / = { Pq y{ik) s - {ik) s { P qy,g= {ik) s {jl) £ - {jl) £ (ik) s . Then w = ( Pq y (ik) 5 (jl) £ and 

(f,g) w = (pqyuiym 6 - m 5 ( Pq yuiy. 

There are four cases to consider. 

1) i<p<q<k,j<i<k<l, that is, j<i<p<q<k<l. 

(f, g y = (jiy(ik) s (p q y-(ik) 5 (jiy(p q y 
= (jiy(ik) 5 ( Pq y -(jiy(ik) s ( pq y 
= o. 

2) i < p < q < k,i < k < j < I, that is, i<p<q<k<j<l. 

(f, g ) w = ( 3 iym 5 ( Pq y - (jiy(ik)\jiy = o. 

3) P < q <i<k,j<i<k< I. In this case, there are five subcases to consider. 

a) j < P , that is, j<p<q<i<k<l. 

(f, g ) w = ( 3 iym s ( Pq y - ( 3 iym s ( Pq y = o. 
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b) j = p, that is, j=p<q<i<k<l. 

(f,9) w = (jqyW(ik) S -(ik) s (jqy(jiy. 

If 7 = 1, then 

(f,g) w = {(jiy,(qi)}m s (jqy-(zk) s {(jiy,( q i)}( 3q y 
= {(jiy, ( q i)}(ik) 5 (j q y - {(jiy, (qi)}(ik) s u q y 

= 0. 

If 7 = —1, then 

(f, g ) w = {(jiy, { q iy l {jiy l }{iky{ 3 qy - (ik) 5 {(jiy, (qiy\ 3 iy l }( 3q y 
= my, (qiy\3iy l }(ik) 5 ( 3q y - {(jiy, (qiy'uiy'myuqy 

= 0. 

c) p < j < q,p < j < q < i < k < I. 
If 7 = 1, then 

(f, g ) w = {(jiy^piy^qiy^piyqiym^pqy 

-(ik) 5 {{jiy,ipiy\qiy\pi)mipQy 

= {(jiy,(piy\qiy\pi)(qmk) 5 (pqy 
-{(jiy^iy^qiy^mym^pqy 

= 0. 

If 7 = —1, then 

(f, g ) w = {(jiy^qiwyqiy'ipiy^ikfipqy 
-(iky^jiy^qiypiyqiy^piy^pqy 
= {(jiy,(qi)(pi)(qiy l (piy l }(ik) 5 (p q y 

-{(jiyAqi){pi){qiy\piy l }m 5 (p q y 

= 0. 

d) j = q, that is, p < q — j < i < k < I. 

(f,gy = (pjy(jiym s - w^ro'O 6 - 

If 7 = 1, then 

(f, g ) w = {(jiy,(pi)}(ik)\pjy-(ik) 5 {(jiy,(pi)}(pjy 
= {(jiy, (pi)}m 5 ( P3 y - {(jiy, ( P i)}(ik) s ( P jy 
= o. 

If 7 = — 1, then 

(f, g ) w = {(jiy, (piy^jiy^iikYipjy - m 5 {( 3 iy, (piy\ 3 iy l }(p 3 y 

= m £ , (piy'uiy'my&y - my, (piy'uiy'my&y 

= 0. 

77 



e ) j > <?> that is, p<q<j<i<k<l. 

(f, g ) w = (jiy(tk) s (p q y - (jiym s (p q y = o. 

4) p < q < i < k, that is, i < k < j < l,p < q < i < k < j < I. 

(f, g ) w = (jiy(tk) s (pqy - (jiym 5 (p q y = o. 

(14) A (1) 

Let / = a j 1 (T k 1 -(T k 1 (T j \j <k-l, g = a k \pq) s - (pq) S (r k \ k ^ p,p - 1, g, q - 1. Then 
u> = a~ 1 a k 1 (pq) s and 

= ^(ptfV - a^a-'ipq) 6 EE [pqf^aj 1 - {pqf^aj 1 = 0. 

(14) A (2) 

Let / = aj 1 ^ 1 - <r k Vr 1 , j < k - 1, = a k 1 (k,k+ l) s — (k,k + l) 5 (r k l . Then iu = 
a~ 1 a k 1 (k,k+ l) 5 and 

(/,</)« = ^(M+i) V-^*V( fc ' fc+1 )' = W-(M+i)VV = 0' 

(14) A (3) 

Let / = a-V^ 1 - ^ V- 1 , j <k-l, g = a k \k + l,g) 5 - (k,q) s a k 1 ,k + 1 < g. Then 
w = a~ 1 a k 1 (k + 1, g) 5 and 

(/,«?)„ = ^(M) V - ^V- 1 ^ + l,g) 5 ee (M W " (MV^ 1 = 0. 

(14) A (4) 

Let / = cr-V^ 1 - ^ V-\ j < k - 1, = a-\kq) 5 - {{k+ 1, g) 5 , fc + l)}^ 1 , * + 1< g. 
Then iu = o^ 1 ^ ^fcg) 5 and 

(f,9) w = aT^ik + yqy^^k+iya^-a^aJ^kqy 

= {(k + 1, g) 5 , (fc, fc + ljKV- 1 - {(* + 1, g) 5 , (*, k + l)}^ 1 ^ 1 
= 0. 

(14) A (5) 

Let / = aj l a k l - a^a^J < k - 1, g = a k 1 (q,k+ l) 6 ^ 1 - {q,k) 5 a k \q < k. Then 
w = a~ 1 a k 1 (q, k + l) s and 

(/, 9) w = (Tj\q, fc) V - a- l aj\q, k + I) 5 . 
There are four cases to consider. 
1) q = k- l,j <q. 

(/, 9) w = ^\k - 1, k) 6 *? - a k l aj\k -l,k+ 1) S . 



78 



If j = k - 2, then 

(f,g) w = a£ 2 (k-l,k) s a? -a?a£ 2 (k -l,k + l) s 

= (k - 2, fc) " *(* - 2, fc + 1)V^ 2 

= (* - 2, fc) - (* - 2, k) S a k V^ 2 

= 0. 

If j < fc - 2, then 

(/,#)«, = (A; 
= (k 
= 0. 

2) j < q < k - 1. 
If j = q — 1 , then 

(f,9) w = *;\(q,k) 5 a k l -a k W(q,k + l) s 
= (q-1, k) V<V-\ - a k \q — l,k+ 
= (q-1, fc) V^-i -(q-1, fc) V^-i 
= 0. 

If j < q — 1, then 

(/, g) w = (q, kfa^aj 1 - a k \q, k + lfaj 1 = (q, kfa^aj 1 - (q, k)'a?aj x 

3) q=j<k-l. 

(L9) w = a- l (q,k) s a k l -a k 1 a- l (q,k+l) s , 

= {(q + 1, k) 5 , (q, q + 1)KV - a k l {(q + 1, k + l) 5 , (q, q + 1)} 

= {(q + 1, k) 5 , (q, q + 1)}^ V" 1 -{(q + 1, k) 5 , (q, q + 1)KV 

= 0. 

4) g < j < k - 1. 

(/, 0) M = (g, - <7 fe - '(g, fc + 1) V = (q, kfa^aj 1 - (q, kfa^aj 1 

(14) A (6) 

Let / = aj l a k l - a^aj^j < k - 1, g = a^(q, k) s - {(q, k + l) s , (k, k + l)}a~\ q 
Then w = a~ 1 a k 1 (q, k) 5 and 

(/, 9) w = <rj x {(q, k + l) 5 , (k, k + l)}a k l - a^a-^q, k) s . 
There are four cases to consider. 



-i,fc)V^ 7l -(*-i.*AfcV 
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1) j = q - 1 < k - 1. 

(f,9) w = a-^k + lY^k.k + l^-a^a-^k) 5 

= {(q — l,k + l) 5 , (k, k + lJK 1 ^ - a k \q - 1, fc) 5 ^ 

= {(g - 1, fc + l) 5 , (/c, k + l)}^V-_\ - {(g - 1, k + l) 5 , (k, k + l)K-V-_\ 

= 0. 

2) j<q-l,q<k. 

(f,g) w = {fak + V'^bk + l)}*?*; 1 - *?(qk)'*Ti 

= {(q,k + 1) S , (k, k + 1)K"V -{(?,* + 1)', (*, fc + 1)K V 



0. 



3) j = q<k-l. 



= {{(g + 1, fc + l) 5 , (g, g + 1)}, (A;, k + 1)KV 

-^{(g+l^^g + l)}^ 1 

= {(q + l,k + l) 5 , (g, g + l)(k, k + 1)KV 

-{{(g + 1, k + l) 5 , (k, k + 1)}, (g, g + 1)KV 

i_-i 



{(g + l,k + If, (k, k + l)(q,q+ l)}a k L a t 



-{(q + l,k + l) 5 , (k, k + 1)}, (g, g + 1)KV 



0. 



4) q < j < k - 1. 



(/, <?)™ = {(<?> + I)', fc + 1)KV - (7 fe - x (g, k) s aj l = 0. 

(14) A (14) 

Let / = Oj 1 a k 1 - a k 1 a j \ g = a k 1 a l 1 - a l 1 a k 1 , j < k - 1 < k < I - 1 < I. Then 
w = cr^Vfc Vj -1 and 

= (T/Vf 1 ^ 1 - a^a^af 1 = a^a^aj 1 - a^a^aj 1 = 0. 

(14) A (15) 

Let / = a q 1(T j 1 - °j 1(T q < 3 ~ !> 5 = °j 1(T fe,i + l - ^J+l^-l' fc < J- TheI1 W = 

(T-V^Vfej+i and 

There are four cases to consider. 



1) k < q < j - 1. 



(/, fiO™ = Ofc 1 • • • 0j 1 <J q \° 3 \ - a j 1 a k 1 ■ ■ -aj 1 a q ± 1 

= a k 1 ' ■ • ^7 1 °7-i <7 9-i ~ 1 • ' ' cr 7 lcr 7-i cr 7-i 
= 0. 
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2) q = k<j-l. 



(f,g)w = W" 




~ a 3 1(J k 


°k ■•■<?! 


= (k,k + iy 


-1-1 

a k+l ■ ■ ■ 


„-i -i 




= (k,k + iy 


-1-1 

a k+l ■ ■ ■ 




■ {k,k + l)- l aj 1 a k l +l ---aj l 


= (k,k + iy 


-1-1 

a k+l ■ ■ ■ 


*7V. 


- (k : k + l)- 1 a^ 1 ---<j- 1 <j-l 1 



= 0. 

3) q = k-Kj-l. 



(f,g)w = o k -i a k l ■■■ (J j 1(J j-i -<*3 l(T k-i< T k 1 ■■■ (T j 1 

— ^-1 ^-1 „-l „-l 

= a k-i a k a j-l~ a k-l a k ■■■ (J 3 a j-l 

= 0. 



4) q < k - 1 < j - 1. 

(/, g)w = o-fe 1 • • • a^VjlV" 1 - o~ x ol 1 • • • <J~ X o~ X 

— ^-1 „-l „-l ^-1^-1 „-l 

= °k ■■■ (J j Vj-lVq ~ a k Vj-lVq 

= 0. 

(14) A (16) 

Let / = a-Vfc 1 - <7 fe -V-\ j < k - 1, g = a, 1 *, 1 - (k,k + l)" 1 . Then w = ^V, V fc 1 
and 

(/,</)„ = a-'iKk + iy'-a^a- 1 ^ 1 

= (fc,fc + i)-v-^*V 
= (£;, A; + 1)~ V- 1 - (M + lrv- 1 

= 0. 

(15) A (1) 

Let / = o-j- 1 a k 1 ---a j 1 -a k 1 ■■■a j 1 a j \,g = a j 1 {pq) 5 - {pq) 6 o j \ k < j,j ^p,p-l,q,q- 
1. Then iu = cr^V^T 1 ■ ■ ■ cr^ipq) 5 and 

(/, „)„. = V • • • a-^pqfa- 1 - a, 1 ■ ■ ■ aj l aj\{pq) 5 . 
There are four cases to consider. 



1) p>j + l. 



(/, 9) w = (pq) & o~ V fc 1 ■ ■ ■ a'^a- 1 - {pqfa, 1 ■ ■ ■ aj'ajl, 
= • • • o- X o-\ - (pg) V ■ ■ ■ a^a-\ 

= 0. 



2) p = j-l. 
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In this case, we have q > j + 1 and 

= *7 V ■ ■ ■ oy-AU- 'if- U - 1, j)}°7W 

= (kq){(j + 1, q) S , + l)}(toz)- V • • • ^ 

= NfjgKj + UfW" 1 ^ 1 ^ 1 -^ 1 ^ 1 !, and 

= ol 1 ■ ■ ■ o~\3 - 1, q){jq)\j - 1, ?)-V-_\ 

= ^ ■ ■ ■ - 1, 9)0'9)0' + 1, " 1, 9)~ V^-i 

= (A;g)(jg)(A;g)- 1 (A;g)(j+^,g) 5 (A;g)- 1 (A;g)(jg)- 1 (A;g)-V fc 1 ---a7V7_\ 

3) k < p < j — 1. In this case, there are three subcases to consider, 
a) q = j-l. 

= a" V, 1 • • • a^iipj) 5 , (p + 1, j)K+i • • • ^ 

= a-Vr; 1 ■ ■ • a;\{(p + 1, jf, (p,p + i)(pj)K _1 • • • ^ 

ee a-Vr; 1 • • • a;\ (p + l, j) V" 1 ■ ■ ■ a/ 1 

ee {(p + 1, j + l) s , (j, j + l)}a k 1 ■ ■ ■ a~ x a-\ and 

= ^ • • • °7-i{{(pJ + (i' j + 1)}, {(i - i, J + 1), U J + i)}K¥i 

= ^ • • • + 1) 5 , U - 1, j + j + DK Vi 

= ^ • • • ^7-2i(pJ + {0\ j + 1)» (j - U + - 1, i + I'K 1 ", 1 ^ , 

= ^ • • • *7-2{<P>j + ^ " ^ + ^"'O', j + i)}o7-i°7 lo 7-i 

= ° k x ■ ■ ■ ^{(pj + (p + 1, j + j + i)K + \ • • • 

= ^ ■ ■ • <v-\{(p + 1, j + (p,p + i)(p, j + ir\jj + 1)}^ 1 • • • 

- ^ • • • v'iO'-j + + U + iJ'O'J + l X ■ ■ ■ °7 1(T 7-i 

ee {(p + 1, j + l) 5 , (j, j + 1)K 1 • • • oyo ; 1 . 
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b) q>j + l 




-i 



= a- x al x ■ ■ ■ a p \{(p + 1, g) 5 , (p, p + l)}^ 1 • • • a) 

= a' 1 ^ 1 ■ ■ ■ a p \(pq)-\p + 1, q) s {pq)a; x ■ ■ ■ a' 1 

= a- 1 (kq)- 1 (p + l,q) 5 (kq)a^---a- 1 

= {kq)-\p + l,q)\kq)G^ 1 ---G- 1 G-l 1 and 

= a^ 1 (p + l,q) s (kq)a^-..a- 1 a-l 1 . 



c) g < j - 1. 

In this case, we have k^p<q<j — 1 and 



= ^V,- 1 ■ • ■ a-\{{p, q + l) 5 , (g, g + l)}^ 1 • • • aj l 

= ^ V fc 1 ■ ■ ■ a; 1 ^, q + l) 5 , (p + 1, g + 1)}^ • • • a/ 1 

= ^V- 1 • • • ^{(p + 1, g + l)" 5 , (p,p+ l)(g, g + 1)}^ 

= a~ x cy- k x ■ ■ ■ a p \ (p + 1, g + 1) V- 1 • • • a' 1 

= a- 1 {p+l,q + l) s a^---a- 1 

= (p+l,q+l) s a]: 1 ---a7 1 ar} 1 , and 

= (p+^g+l)^- 1 ---^ 1 ^. 



p < k. In this case, there are three subcases to consider. 



*7 V ' ' • °J-M) 5 °j' ^ aj\pq) & a- k x ■ ■ • <jj x = (pg) & a k 1 
and (j- 1 • • • a^V^pg) 5 = (pg) V" 1 • • ■ a^aj^. 




-i 



a) g > j + l,P < k < j < j + 1 < g. 
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b) k ^ q ^ j - 1< j. 

= a j l(J k 1 • • • (7 ^ 1 (pQ) S(T gli • • • o~ 1 

= ' ' ' ^-i{(P» 9 + (?. ? + !)K 1 ' ' ' ^ 

= f {(p^' + i^^j + ^O'.j + ^K 1 ---^ 71 ^ 7 - 1 ! */ <? + i = j, 

" \ {(p, g + l) 5 , (fc, q + 1)K 1 • • • a- x a-\ if q + Kj. 

If q + 1 — j, then 

'V-n/", ,(/«/)" 

= °?---°I 1 {(pJ)',U-iJ)}*7-i 

= • --^ '.{{(/'•./ + 1) 5 , a j + 1)}, {(j - 1, j + 1), (j, j + ni>, V. 

= 1 • --vJ-AipJ + 1) 5 , (j - 1, j + WJ + i)K>, V. 

= ^ ' ' ' a J-2{{Pij + D'\ (./ - l,j + l)(i, J + l))r> ; y, ; o ; '. 

= {(p,j + + j + i)K 1 • • -a-V-Y 

If q + 1 < j, then 

• • • 'V'> ; '•;/<'/ r 5 = 1 • • • ^-"(w) V-i 
= ^ 1 • • • (J_1 (p9)' 5(7_ + 1 i • • • cr 7 1(j7 - 1 i 

= {(p, 9 + l) 5 , (fc, q + 1)K 1 • • • r> ; V,. 

c) q < k,p < q < k < j. 

*7 V • • • *7-i(w) V = ^(w) V ' ' • ff71 = (w) V • • • 

1 ■ ■ ■ a-V-. 1 ^) 5 = (pg) V fc 1 • • • 

( 1 7 > 3 A (2) 

Let / = aj 1 a k 1 • • • aj 1 - a k l ■ ■ ■ aj x aj\, k < j, g = aj\j,j + 1)* - + ifaj 1 . Then 
w = ar 1 a k 1 ---aT\j,j + l) s and 

(f,9) w = aJ l a k 1 ..-aJ^ ] ,j + l) & aJ 1 -o k l ..-aJ^J l l {j,j + l) & 

= a~\k, k + 1) 5 a k 1 ■ ■ ■ a-V/ 1 - a k 1 • • • ^(j - 1, j + l) & aj\ 

= o. 

(15) A (3) 

Let / = aj l a k l ■ ■ ■ a' 1 - a, 1 ■ ■ ■ aj 1 *^, k < j, g = aj\j + 1, q) & - {jq) 5 (J-\j + 1< q. 
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Then w = a j 1 a k 1 ■ ■ ■ a- 1 (j + 1, q) 5 and 

(f,g) w = o/o l/ ---o j - lU .<,fo i > o l :---o^o j \i J ■ \.<,r 

= a-\kq) 5 <j^ ■ ■ ■ ajl.aj 1 - a' 1 ■ ■ ■ a~\j + 1, q) 5 aj\ 
= (*«) V ■ ■ ■ afa~\ - (kg) 5 a, 1 ■ ■ ■ aj l aj\ 
= 0. 

(15) A (4) 

Let / = a- 1 a- k x ---a- 1 - a; 1 ■ ■ ■ a? a~\,k < j, g = aj^jq) 5 - {(j + l,q) s ,(jJ + 
\)}a~ l ,j + 1 < q. Then w = cr^a^ 1 ■ ■ ■ ^(jq) 5 and 

(f,g) w = a- 1 ^ 1 ---a-\{(j + l : q)\(jj + l)}a- 1 -^ 1 ---a- 1 a-\(jq) s 
= 'JHU + 1> Q) S , (k,j + l)}a? ■ ■ • a' 1 - a, 1 ■ ■ ■ a-\j - 1, q)*<rj± x 
= {ijqf. (7.:/)jr.,- ■ ■ ■ a-'a'l, - a, 1 ■ ■ ■ aj\{j - 1, g) V^-i 

= iu<if- {kj)W ■ ■ ■ - Hl'lf- mw ■ ■ ■ ^7 Vi 

= 0. 

(15) A (5) 

Let / = afal 1 • • • a' 1 - a, 1 ■ ■ ■ o^aj^ k < j, g = aj\i,j + l) 5 - (ij) s aj\i < j. Then 
w = crj 1 ^ 1 • • ■ + l)* 5 and 

(f,9) w = ajW ■ ■■a-l l (ij) s a- 1 - a, 1 ■ ■■o J o J ^i.j + 1 )\ 
There are two cases to consider. 

1) k^i<j. 

If % — j — 1, then 

= {(/c, j + l) 5 , (j, j + • • • (J-V-. 1 ! and 

V.U 1-./ • 1!'' 
= '{,./../ • L)',(j 1../)!^ , 

= {(* i j + i) , ) (j".j + iK 1 -^k 
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If i < j — 1, then 

= o J a l/ ---a ; (i.i ■ \fa,\.--ay 

= (*,< + i)V---^ 7 Vi 

= • irV Vi 

EE ( 7 fc - 1 -.. ( 7- 1 (i,i + l)V + 1 l- 

= ('/■•./ • l)V,'-..r. ; n ; ,. 

2) i < k < j. We have 

V<V • • -^(U) V = r '.y ( / /•') V) ; . ■ -V ee i/7,-)'V V ■ 

and 

^ • • • " ; V.i'-./ + l) 5 = ^ • • • oyii.j + 1) Vi = (*)V ' ' • V;'.- 

(15) A (6) 

Let / = o- x ol x ---o- 1 - ol x ---o- 1 o-\,k < j, g = a'^ij) 6 - + l) s ,(j,j + 
1)}<7~\ i < j- Then w = cr' 1 ^ 1 ■ ■ ■ (Jj l {ijf and 

(/, 9) w = oyer,- ■ ■ ■ r. -,{(/../ + + l)}af - a, 1 ■ • • aj 1 aj^ij) 5 . 

There are two cases to consider. 

1) k ^i<j. 



and 
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If i — j — 1 , then 

= V • • • °7-2{{UJ + ' (j - ' • •/ * 1 • (j - j + ^KVj 1 
= *7 V • • • 'AO' - U + - '•./) '(./../ + 1) 5 

= a-v,- 1 • • • a-yj - i, j + ir'iuj + u i- 1 )} 

(./'- I-./ • Do, 
= a - 1 (j,j + l) s a^---a- 1 

= (j, j + 1) 5 ^ 1 • • • '7 1(7 7-i anrf 

= ^•••a: 1 (i-l,j)Vi 

= ^ • + 1)', U - i,j)h U - hj + i)K>7 1(J 7-i 

= 1 • --^U - U + - '•./) i./-./ + - 1, - 1, j + 1) 
CT 7-V7 1(7 7-i 

= (./../ • llX'-n/n, 1 . 
If % < j — 1, then 

V • {■;'•./ + 1) 5 , (j, j + 

= aj l a k l ■ --a, '{i/../ + l) 5 , (i + 1, j + l)Kr + \ . . . a' 1 

= °JW ■ + 1, J + 1) 5 , (M + (<, j + i)K rl ' • 

= aj l a k l ■ --a-lS + + I) 8 a' 1 ' ' 

= a~\i ■ 1., • l)'V ; , '---r> ; - 

= (i + 1, 1 • • • o~ x a~l x and 

^•■■^i(y)' 

= 1 • • • °7-2m s , (3 - i,j)}^v^i- 
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If % = j — 2 , then 

1 • • • : AiUf- (j - \.;,)}o i \o i o j > x 

= ° k X ■ ■ ■ ,{K/ " 1 ••/)'• U - 2, J - 1)}, (J - 2,i)} ( 7-_V-_ 1 l( 7-V-_ 1 1 
= 1 • • • *7-sO' " 2, - 2, J - l)- 1 ^ " - 2, j ~ W - 2, j) 

= (i + u)V---*7 1<T 7-V 

If i < j - 2 , then 

= 1 ' • Tf-ittG + i>i) <5 > (M + MR" 1 • 



= (i + l,j)V-^¥i' 

2) i < k <j. 



= {(ijY, {kj)}^ 1 ■ ■ ■ a j l(J j-i and 



(15) A (14) 

Let / = o-j- Vj. 1 • • • a j 1 - <r fc 1 • • • a j 1 (J j \, k < j, g = a j 1 a q 1 - a q 1 a j \ j < q - 1. Then 

(/, = o"7 1<r * 1 ' ' ' <7 7-i <7 9" 1<7 7 1 ~ 1 " ' 0- 7 1 °"7-i <7 9 1 
= (j-V-Vfc 1 • ■ • 07V7 1 - (j-Vfc 1 • • • <y- x a-\ 
— ^.-1^.-1 ^-1^.-1 ^-1^.-1 ^-1^.-1 

= ° q °k ■■■ (J i-l (J i a j-l- a q a k ■■• (J j 
= 0. 

(15) A (15) 

Let / = a j 1 a k 1 • • • ^ 1 -a k 1 • • • ^ V^, k < j, g = a j 1 a l 1 • • • ^ 1 • • • ^ V^, / < 
j. Then iu = cr^V^T 1 ■ ■ • aj 1 ^ 1 ■ ■ ■ aj 1 and 

if \ -i -i-i -i -i i -i-i -i -i -i-i 

There are two cases to consider. 
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1) 1=3-1. 



+ l)~\k,j + l)- 1 ^ 1 ■ • ■ a~\ and 



°3 1(T k 1 • • • 1 • • ■ a j 1(7 A 



= o/n^-.-n^ij 1../! Vo, , 



= {(fc, j + l)" 1 , (j, j + + l)- 1 ^ 1 • • • a 



j'-i 



2) Kj-1. 



a^ 1 ■■■a~ 1 a^ 1 ■■■a~ 1 a~l 2 

cr kj+l°'lj+l 'j-2 



If I < k, then 



vij+iCk-ijCj^ if I < k, 

(k, I + l) -1 <Ti +y+ i(TfcjO-~i 2 i/ fc < Z. 



= (Tlj+lVk-ljvA- 



If k < I, then k < I < j — 1 and 

cr-Vfe 1 • • • ^Vr 1 • • ' (7 7 1(7 7-i 

= o ; o /,/'//>, o ; , 

= (k,l + \y l ai +lj+ ia kj aj^ 2 . 

(15) A (16) 

Let / = tJ-Vfc 1 • • -(j^ 1 - o£ 1 • ■•(J- 1 (Jjl 1 , k < j, g = o^a' 1 - + l)" 1 . Then iu 
cr 7 V fc 1 • • • o-J 1 ^ 1 and 

(/, <0™ = vj 1 ^ 1 ■ ■ ■ (i) i + 1) 1 — 1 ■ ■ ■ (7 7 1(J 7-i (J 7 1 
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If k < j — 1, then 

(f,9) w = (kj)- 1 a- 1 a^.-.a-l 1 -a^...a-l 2 (j-lj)- 1 a- 1 a-l 1 

= OjV 1 ^ 1 ■ ■ ■ 'vW 1 ^ 7 - 1 ! - (kjy 1 ^ 1 ■ ■ ■ ^-WS 7 - 1 ! 

= 0. 

If k = j — 1, then 

(/, g) w = (j ~ 1, 3T l(J j 1(J j-i ~ a J-i a 7-i a J la J-i 

= u - ur^-vA - (j - urv^i 

= o. 

(16) A (1) 

Let f = aj 1 ^ 1 -(k,k + l)-\ g = a^(ij) s - (ij) 5 ^ 1 , k / i,i - 1../../ 1. Then 
w = Wfe')' 5 and 

(/, g) w = V - (k, k + \r\ij) 5 . 

There are three cases to consider. 

1) If k>j + l, i < j < j + 1 < k < k + 1, then 

(f,g) w = ( U ')^(A;,A; + 1)- 1 -(A; ) A; + 1)- I (2j) 5 = (k,k+l)-\ij) s -(k,k + l)-\ij) s = 0. 

2) If % < k < j - 1, i < fc < fc + 1 < j, then 

(/, ff ) M EE (ij)\k, k+1)- 1 - (ij)\k, k + I)" 1 EE 0. 

3) If k < % - 1, k < k + 1 < % < j, then 

(/, g) w ee (*j) 5 (A;, k + l)- 1 - (ij) 5 (k, k + ee 0. 

(16) A (2) 

Let / = a-V-MM + l)- 1 , 5 = ^(M + l^-lM + lK 1 - Then w = a^a^i + iy 
and 

(f,9) w = a^^i + lfa- 1 -{i,i + l)-\i,i + l) 5 
ee (i, i + 1) VrVr 1 - (j, i + l)" 1 ^, i + l) 5 
ee (i, i + l) 5 (i, i + I)- 1 - (i, i + l)" 1 ^, i + l) s 
= 0. 

(16) A (3) 

Let f = a^a^ - (i - g = a^ij) 5 - (i - lj) 6 ^, % < J- Then w = 

v^cr'Mij) 5 and 

(f,g) w = a-Mi-lJY^-i-ii-hir'iij) 6 

ee {(ij) s , (i - l,i)}(i - M)" 1 - (i - l,*)- 1 ^)' 

ee (i-i.o-W-Ci-i.O-W 

EE 0. 
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(16) A (4) 

Let/^rVMM + l)" 1 , g = a- 1 (ij) 5 -{(i + l,j) s ,(i,i + l)}a- 1 , i + Kj. Then 
w = o i 1 a i 1 (ij) s and 

(f,g) w = a-H(*+i,jy,(M+i)KMM+irw 
= {(ij) s , (i, i + i)>(i, i + 1)- 1 -(<,*+ i)- 1 ^) 5 

= o. 

(16) A (5) 

Let / = 07V7-1 " 0' " <? = ^(U) 5 " (i, j " * < 3 ~ 1- Then 

iu = cr~i 1 cr~i 1 (i i ;')' 5 and 

= m s , u - ij)}u - 1. ^r 1 - (j - urw 
= 0. 

(16) A (6) 

Let / = (7-V- 1 - (j, 3 + g = <7-\ij) 5 - + I) 5 , (j,3 + l)}<rj\ % < 3- Then 

w = a^ 1 a^ 1 (ij) 5 and 

(f,g) w = n ; '{(/../ • lrU./../ • n}n ; 1 (./../ • i) \ij) 6 

= {(U) 5 , (J, 3 + 1)}(J, J + I)" 1 - (3,3 + ir 1 ^) 5 
= 0. 



+ I)" 1 , 5 = ^fc 1 " < k - 1. Then w = (J-V-V,- 1 

(/,<?). = ^- lff *V-0',j' + i)"V 

= o, '(,../ • 1) ; (,., • 1) 'r V 

= ( i , J - + i)-V fc - 1 -(i,i + i)-V fe - 1 

= 0. 



(j,3 + 1) S 5 = o-j 1 • • • o-j 1 - ^ 1 • ' ' 0j ^-i' < J- Then w = 



(16) A (14) 
Let / = cr- l o 
and 



(16) A (15) 



Let / 



a j 
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a- and 

= *jW • • • (7 7 v 7- 1 i - 0'' J + !)" v fc 1 • • • a J l 

=- 1 ■ ■ ■ vj^j-^A - U j + 1)- V ---v 

= ^ • ' ' j U - l-./) ' - U.J + 1) n, 1 

= ^ • • -vJ-AU - U + U j + i)K x - + x )~ V • • -'I 1 

-o^'+irv,- 1 -.^- 1 

(j - - 1, j + lVjVj 1 - (j, j + 1)" V • • -a/ 1 

= 1 • v./-./ + 1) Viv - + i)" 1 ^" 1 • • 

- !./•./ + 1)"V • - !,., + 1) V •••n ; l 

= 0. 

(16) A (16) 

Let / = a-V- 1 - (i, i + l)" 1 , 5 = arVr 1 - (i, i + l)" 1 . Then w = a~ V" 1 and 
(/, <?)™ = i + I)" 1 - (M + 1)~ V 1 = (i, i + l) -1 ^ - (i, i + l)" 1 ^ = 0. 

For the cases of (17) A ((1) ~ (17)) and ((1) ~ (17)) A (17), the possible compositions 
are the cases of (17) A ((7) ~ (13), (17)) and ((7) ~ (13), (17)) A (17). For these cases, 
we can easily check that the compositions are trivial. 

This completes our proof. 

Acknowledgement: The authors would like to express their deepest gratitude to Profes- 
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